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ABSTRACT

In this paper, we study the lower record values from an exponentiated gamma distribution and derive
explicit expressions for the single, product, triple and quadruple moments. We also, establish recurrence
relations for the single, product, triple and quadruple moments and moment generating function.
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1. Introduction

Record values are important in many real-life situations involving data relating to
weather, sports, economics, and life-tests. The statistical study of record values have been
pursued in different directions by several authors; for example, see, Arnold et al.(1992,
1998) and Ahsanullah (1995). For the Rayleigh and Weibull distributions by Balakrishnan
and chan (1993). Also, Sultan er al. (2002) derived moments from generalized power
function based on record values. Balakrishnan and Ahsanullah (1994) and Al-Zaid and
Ahsanullah (2003) have established some recurrence relations for single and product
moments of record values from Lomax and Gumbel distributions respectively. Pawlas and
Szynal (1999) dealt with Pareto, generalized Pareto and Burr distributions. Also, general
recurrence relations based on upper record values was established by Mohie El-Din et al.
(2000).

Now, let {X,,n>1} be an infinite sequence of i.i.d. random variables from an
absolutely continuous distribution function F, and probability density function (p.d.f.) f.
Let X, denote the i"™ order statistic of the random sample X,,X,.,...X ;» and F,; be its
cumulative distribution function (c.d.f.). Let 7, = min{X,X,...., X, },k >1. We say that X is
a lower record value of this sequence if T, <7, j >2. By definition, X, is a record value.
Let L(n)=min{j:j> Lin-1),X,;, <X, },n22 with L(1)=1. Then X
sequence of lower record values. From the above definition, the sequence of record
statistics can be viewed as order statistics from a sample whose size is determined by the
values and the order of occurrence of the observations.

Consider the exponentiated gamma (EG) distribution with p.d.f. and c.d.f.,
respectively,

n>1, denotes the

L(n-1 L(n)°
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f(x)=0xe *[I—e*(x+D]’", x>0,6>0, (1.1)
and

F(x)=[1—-e*(x+1]°, x>0,6>0, (1.2)
for details about this distribution, see Shawky and Bakoban (2006).

In this paper, we consider the lower record values from an exponentiated gamma
distribution. In section 2, we derive explicit expressions for the single, product, triple and
quadruple moments. We also, establish recurrence relations for the single, product, triple
and quadruple moments in section 3. Finally we derive the single, product, triple and
quadruple moment generating function (MGF) and recurrence relations for the single one
in section 4.

2. Moments of Lower Record Values

Let X,,.X,,,...X,, be the first n lower record values from the EG distribution
given in (1.1). Then the single, double, triple and quadruple moments of lower record
values are given as follows.

L()>

2.1 Single moments
The p.d.f. of the n™ lower record value X L 18 given by (Ahsanullah (1995))

f,(x)= ?[ log F()]"" f(x), x>0, n=12,..., (2.1)

where f(.) and F(.) are given, respectlvely, by (1.1) and (1.2).
The single moments of the n™ lower record value, E(X iw), denoted by . n=1,2,..

and a =0, 1, 2, ..., is given by

oo

[ =%n) [ x[-log FCoT™ f (. 2.2)
0

The exact explicit expression for the single moments of the n™ lower record value X L
from EG distribution is given by the following theorem.

Theorem 1
Forn=1,2,...,a=0and @ is areal value, then
. > &= nlaitk O-1\(n—1+i+k) T(a+j+2)
u = Dfa,(n—1 _— 2.3
ZZ 2 (-D*a,(n >( L j[ j j(HHkYM (2.3)

oo T IX i
where a,(n-1) is the coefficient of ¢ """ (x+1)""™ in the expansion of ['zﬂ]”_1

=1 i

(see, the Appendix).

Proof
From (2.2) and (1.2) we get
n—l
' = ﬁ(n)’([ x{=log[l—e ™ (x+D]}"" f(x)dx. 2.4)

Using the logarithmic expansion we get

O = ﬁ:)f A ”(”1) 1" £ (x)dx
0 i=1



u = o );a (n— 1)j x%e "N (x +1)" M £ (x)dx,

where a,(n- 1) is defined in the Appendix from (1.1) we have

(@) _
M,

a+1 —(Il+l)x'( +1)Il 1+i [1 e—x‘ (x+1)]9 ldx

F( ) oo
From the Binormal theorem we find

,(1a) F( )ZZ ( l) a, (I’l 1)( jj' a+le—(n+i+k)x(x+1)n—l+i+k dx.,

i=0 k=0 0

Again, from the Binomial theorem we get

oo n—=1+i+k n—l+l+k - - -
r(,a) Z Z z (= 1) a; (n— 1)( j( ‘ JJ’ xa+j+1e—(n+z+k)xdx’
F( )% =0 = j )

Since the integration is a complete gamma function, then, the theorem is proved.
If @ isa positive integer number, then the relation (2.3) takes the form
oo -1 n—l+i+k I’l—1+i+k F(Cl+j+2)
(d)
M, (-D*a,(n-1) . _— (2.5)
TLs & W
The single moments of record values from gamma distribution G(2,1) can be obtained
from (2.5) by setting € =1.

2.2 Double moments
The joint p.d.f. of X, and X, .I<m<n is given by (Ahsanullah (1995))

_; _ m—1 M
fm,n('x’ y) - l—‘(m)l—‘(n—m) [ log F(x)] F(x)

[~log F(y) +log F(x)]"™"" f (),
x>y>0 (2.6)
where f(.) and F(.) are given, respectively, by (1.1) and (1.2).
The double moments of the lower record values, E(Xj, X},), denoted by
(a,b)

ue mn=12,..m<n and a,b =0, 1,2, ..., is given by

nmlf(x)

1 7T 1
uit = —————|[ [ x"y'[~log F(x)I"" [~log F (y) +log F (x)] o SOy 2.7)

FmI'(n—m)y

The exact explicit expression for the double moments of lower record values from an EG
distribution is given by the following theorem.

Theorem 2
Form, n=1,2,...,m<n,a, b=0and @ is areal value, then
n—m—1 oo o p—s+itt—2a+j+l o oo Ij+s+k
ﬂ;::) (_l)n—m+s+k—1 ai (n 5= 2)
F(m)F(n m)ZOZ(); ,Z:i ;Z::o; JZ:;)

" ()n—m—l n—s+i+t=2\60-1\(i,+s+k T(a+ j+2)
a, (s .
i s j k Ji (n—s+i+r-1)*"*r

I'b+p+j+2)

—, 2.8
pl(n+t+i+i +k)" e (2.8)

where a,(n-s-2)and q, (s) are defined as the Appendix.
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Proof
Relation (2.7) can be written as
p = j Y I F()dy,

r(m)r(
Where

I()’) = J. x¢ [_ log F(.X,')]m_l [—l()g F(y) + log F(x)]n—m—l &dx
y F(x)

n—m-1 o n—m—l r: —5— f(X)
— _1\m-l S a -1 F n—s=2 J 377
> D ( ! j[log PO [ <logFI™ 5 S

=S e [T og F oy j L (gl — e (x4 1) P
: s F(x)

n—m-1 i i n—sft—2(_l)n_nl_l 9”_5'_1ai (n e 2)(1/1 —-m-— 1} (I’l —s+i+t— 2]
N

5=0 =0 =0  j=0 J

X [log F(y)]s J' xa+j+le—(n—s-*—i+t—l)xdx.
Yy

The last integration is an incomplete gamma function which can be defined as

roo r=1 Ay J
J’ xr—l e dx = Z e (‘/1}7 ) ’
F(I") y j=0 J'

r is an integer number, then

n—m—1 oo oo n—s+i+t-2a+ j+1 — _1
I(y)= z z Z z Z (—1)"_m_ll9"_s_lai(n—s—2)(71 " j

5=0 =0 =0 j=0  p=0 N

n—s+i+t—2 T(a+ i+2 .
X[ ] j[logF(y)]s (Cl .] ) pe—(n—s+t+t—l)y.

pl(n—s+i+t—1)*=r
Substituting 7(y) in (2.9), we get

n-m—1 oo oo n—s+i+t—2a+j+1

a,b 1 n—m-1 pn—s—1
ot = mz DD Dy te e, (n-s-2)

i=0 =0 j=0  p=0

o n—-m—-1\(n—s+i+t-2 I'a+j+2)
s j pln—s+i+t—1)/r

x| " Hog F(y)I'e ™™ £ (y)dy
0

011 n—m—1 oo oo p—s+itt-2a+j+1 o
TN s N _1\n—m - _g-2
F(m)r(n m) ;‘)‘ ; ; JZ:;, ; (=D a,(n—s—2)

y n—-m—1\{n—-s+i+t—-2 I'la+j+2)
s j pln—s+i+t—1)r

oo

+p+ S e_i,V +ll s _—(n—s+i+t)y -y —
x[ ey QI o e () dy

0 i=1 l

(2.9)

(2.10)

2.11)



011 n—m—1 o oo p—s+itr=2a+j+l oo
(a,b) _

__1\n—m=l+s e
u'! —r(m)r(n D DI I I I a,(n—s—2)a, (s)

i=0 =0 j=0 p=0 =0

n—m—1 s+i+t—=2 Ta+j+2)
J pl(n—s+i+t—1)"+7r

XI yb+p+l(y+1)ll+§ —(ll+l+il+t))'[l_e—y (y+1)]5—ldy’
0

where a, (s)is defined as in the Appendix.

0" n—m—1 oo oo p—s+i+r—2a+j+l o
e h) - - _ 1 n—m+s+k—1 2

o ()n m—1\n—-s+i+t—-2)6-1 [(a+ j+2)
4; (8 k )pl(n—s+i+t—1)*7r

XJ' b+p+l (y+ 1)i1+s+k o k) dy
0

6” n—m-1

e o o  p-§ ad b _1 n—m+s+k—1
F(m)F(n m) s Z g ; =0 p=0 llz::‘) kz::‘) =0 v
n-m—-1\(n—s+i+t=2\(60-1\(i,+s+k
Xa;(n—s-2)a, (s) . ;
s J k Ji
I'la+j+2) ‘ °Jf’ h+17+j1+le—(’1+i+il+t+k)~"dy.
pln—s+i+r—1)""r;

Hence the theorem is proved.
If @ is a positive integer number, then the relation (2.8) becomes

9" n—m-1 oo oo p—stit+t—2a+j+l o G-1 ij+st+k -
ﬂfrzl’”h) (_1)11—m+s+ -
" D(m)T(n—m) Z; Zo: ; ,Z:(; ; IZ::? kzzt; AZ:O
n—-m—=1\n-s+i+t=2\0-1\(i,+s+k
Xa, (n—s—2)ail (s) . .
s J k Ji
I'(la+j+2) I'b+p+j,+2)

(2.12)

(n—s+i+t=D"7 pln+t+i+i +k) 72
The double moments of record values from gamma distribution G(2,1) can be
obtained from (2.12) by setting 8 =1.

2.3 Triple moments

The joint p.d.f. of X and X, ,.1<m<n<I is given by (Ahsanullah (1995))

L(m)>® L(n)

1 m=1p_ n—-m—1
Funt G2 = e Sl FWI [log F(2) +log F(2)]
lnlf(x)f(y)

F(x) F(y)
where f(.) and F(.) are given, respectively, by (1.1) and (1.2).

X[—log F(z)+log F(y)] ==L f(2), x>y>z>0, (2.13)

The triple moments of the lower record values, E(X},, X,.X;,). denoted by
1t monl =1,2,..,m<n<Il and a,b,c=0, 1, 2, ..., is given by



(ahc)

/’lmnl

TrT a_ b _c m=1p_ n—m—1
= o m)ra— f j j xy" 2 [~log F (01" [~log F (y) +log F (x)]

Inlf(x) f(}’)

F(x) F(y)
The exact explicit expression for the triple moments of lower record values from EG
distribution is given by the following theorem.

x[-log F(z)+1log F(y)] =22 f()dxdydz.  (2.14)

Theorem 3
Form, n, [=1,2,...,m<n<l a,b,c=0and @ is areal value, then
61 n—m—1 oo oo n—sy+ij+t—=2a+ji+l [-n—1 o oo I-n—l+s;=sy+ir+t,
(a,h,c)
lllm,n,l Z Z Z Z Z Z Z Z Z
F(m)r(n mI'(l—n) . =0 =0 1= p=0 5,=0 i,=0 1,=0 J2=0
b+pi+jr+l oo oo i3tsy+k

Z Z Z (=)t th2 a,(n—s,-2)a, (s, +1-n-1-s,)a, (s,)

Pr=0 k=0 ;=0  j;=0

x(n—m—lj{n—sl+i1+tl—2j[l—n—lj(9—lj(l—n l+s, —s,+i, +1, j
S i s k I

x(i3 +5, +kJ T(a+j,+2)
J3 pl(n—s, +i +t, —1)n
I'b+p,+j,+2)
Pt +t, +iy i, +1— s, —1)PTPHR
y I'(c+p,+j,+2) . 2.15)
(t,+ty+i, +iy +iy + 1+ k)T
where a, (n—s,-2),a, (s, +I-n—1-s,)and g, (s,) are defined in the Appendix.
Proof
Relation (2.14) can be written as

1 T :
Mo = F(m)F(n—m)F(l—n)-[ 'f Y 2 I(y)[~log F(z) +log F(y)] ™" f(y) f(z)dydz, (2.16)
0 z

where I(y)is defined in (2.10).
By integrating I(y)as it was shown in theorem 2, then by substituting (2.11) into (2.16)
we get

X

n—m—1 oo oo n—s +ij+t—2a+ j+1

(@b C) _1\n—m-1 gn-s,-1 _ _
:um,n,l r‘(m)l—*(n m)F(l Z Z Z Z Z ( 1) o ail (I’l A\ 2)

51=0 /=0 £{=0 H=0 p=0

X(n—m—l](n—sl+ll+tl—2] [(a+j,+2)

T 2°J(2) f(2)dz,(2.17)

51 7 pl(n—s, +i, +1, —)aritn
where
7 :T Y log F(y)I e [=log F (2) +log F(nI™ fiy; (2.18)

We can find J (z) 1n (2.18) in the similar way that was shown in theorem 2, then by
substituting the result into (2.17) we get



1 n—m-1 oo n—si i+ —2a+ )+l [-n—-1 o oo I=n—l+s;=s)+is+t, b+ pi+ jo+1

(a,b,c) __ - I=s5,~1
'umJlJ _F(m)r(n_m)r(l_n) Z Z Z Z Z Z Z Z Z Z 9

5i=0 =0 £=0 J1=0 =0 s5,=0 i,=0 t,=0 J,=0 p>=0

lmts 2 n—-m-1\n—s +i +t -2
X (=1) "a, (n—s,-2)a, (s, +l-n—-1-s,) )
) Sy Ji

J2
Ch+p, +j,+2)
Pt +t, +i, +i, +1— s, —1)PTPTRTn

x[l—n—l](l—n—l+sl—s2+i2+l2J L(a+j,+2)

. +j,+2—
S5 pl(n—s, +i +t, =D)"

X

XJ‘ Zc+p2e—(l—s2+i1+i2+tl+t2—l)z[logF(Z)]s2 f(Z)dZ,
0

In the same way of theorem 2, we can get (2.15). Hence the theorem is proved.
If @ is a positive integer number, then the relation (2.15) becomes

01 n—m-1 oo oo n—=sj+ij+t=2a+j;+l [-n—1 o oo [—n—l+s—s,+ir+1,
Hot” = PIDINI 2 22 2
m,n,l T
L'mI'(n—m)I'(I-n) 5=0 =0 1,=0 i=0  p=0 s,=0 i,=0 1,=0 j»=0
b+pi+j,+16-1 oo i3ts,+k

x 222 2 DT Ra (nms = D)a, (s, +—n—1-5,)a, (5,)

p=0 k=0 i,=0  j;=0

X(n—m—l](n—sl +i +1, —2j(l—n—lj(0—lj(l—n—l+sl — 5, +1i, +t2J
S5 i Sy k I

X(is 5, +kJ C(a+j+2)
J3 pl(n—s +i, +1, —ien
I'b+p, +j,+2)
Pt b, +i i, s, — 1)
y I'(c+p,+j,+2) . (2.19)
(t, 1ty +i, +i, +iy +1+k) TP
The triple moments of record values from gamma distribution G(2,1) can be obtained
from (2.19) by setting 8 =1.

2.4 Quadruple moments
The joint p.d.f. of X, .X,,.X,, and X, ., I<Sm<n<l<vy is given by (Ahsanullah

(1999))

1
fm,n,l,v (x, v, Z, W) =

— m=lr_ n—m—1
Tt —mTU—mT L g PN [-log F() +log F ()]

v J(X) f(y) f(2) F(w),
F(x) F(y) F(z)
x>y>z>w>0, (2.20)

where f(.) and F(.) are given, respectively, by (1.1) and (1.2).

x[~log F(z)+log F(y)]""'[-log F(w) +log F(2)]

The quadruple moments of the lower record values, E(X;,, X;., XX, ). denoted
by ,Ltf,f;f}f"vd),m,n,l,v =1,2,...,m<n<l<v and a,b,c,d =0, 1, 2, ..., 1s given by



(abcd) 1 T a_.b_c. . d _ m—1 _ n—-m—1
ot F(m)F(n—m)F(l—n)F(v—l)'([ J J xy" 2w [~log F(0)]"[~log F(y) +log F(x)]

I-n—1 v J () f(y) f(2)
- - . (2,21
X[-log F(z) +log F(y)] [—log F(w)+1log F(z)] F) FOy) F(2) f(w)dxdydzdw. ( )

The exact explicit expression for the quadruple moments of lower record values from EG
distribution is given by the following theorem.

Theorem 4
Form, n [, v=1,2,....m<n<I<v,a,b,c,d>0and @ is areal value, then
(a.b cd) 9’ n—m-1 oo o n=spti+=2a+ji+l l-n-1 = oo I=n—l+s5; =5, +iy +t, b+ p + j, +1
Honi ~ TmI(n—-m)I(-mD(v-1) Z‘) Z_:ﬁ ,Z:‘) ,Z_o Zﬁ Z:‘B Z::‘) ZB 20 7220
v—l-1 o oo V=l=l+s,—s3+iz+tzc+py+ 3+l oo oo iyts3+k
X z Z Z z z Z Z z (_l)v—m+s1+x2+s3+k—3 aii (n_sl_z)
53=0 ;=0 13=0 j3=0 p3=0 k=0 ;=0  j,=0
n—-m-1\(n—-s+i+t,-2\(l-n-1
Xd, (s1+l—n—1—s2)al_ (v—l—1+s2—s3)ai (s5) )
: } ¢ S J s
X[&—l}[[—n—l+sl—s2+i2+t2][v—l—1][v—l—l—s3+s2+i3+t3J[i4+s3+k]
k ) S3 J Ja
I'a+ j,+2) I'b+p+j,+2)
pln—=s i+, =D p (it iy = s, =D

X [(c+p,+j+2)
PV =y 1+ i i — )T
I'(d+ps+j,+2)
(k+v+t1 +1, +1, +i1 +i2 +i3 +l~4)d+p3+j4+2 >
where g, (n—s,-2),q, (s, +l-n-1-s,),q, V—1-1+s,-s;) and g, (s;)are defined in the
Appendix.

X

(2.22)

Proof
Relation (2.21) can be written as
(abcd) 1 T T b_c. . d _ I-n—1
R PR T l)l j J Y 2w I(I=log F(2) +log F ()]
oo F los F v S () f(2) 2.23
X[~log F(w) +log F(2)] G )F()f(W)dydzdw (2.23)

where I(y)is defined in (2.10).

By integrating /(y)as it was shown in theorem 2, then by substituting (2.11) into (2.23)
we get

1 n—m—1 oo oo n—s +ij+t—2a+ ji+1

(a,b,c.d) _ 9"‘51_1 -1 n—m—1 _ )
ﬂm,n,l,v F(m)r(n—m)r(l—n)r(v—l) ;} ; tlZ: jIZ:(:) plZ:;) ( ) ail (n Sl )
n—m-1\n—s +i +t —2 [(a+j,+2) T
- J
x{ ; J( i Jpl‘(n_sl+il+tl_1)a+j]+2_p] ?[ ! ZwiJ(2)
x[~log F(w)+1log F(z)]"™"" fEZ) f(w)dzdw, (2.24)

where J(z) is defined in (2.18). By integrating J(z) as it was shown in theorem 3, then by
substituting the result into (2.24) we get



I=n—l45; =5, +iy+1,

X 1 n—m—1 oo oo n—sy+ij+h=2a+j+1 [-p-1 o oo
(a,b,c,d)
lum,n, v =
: C(m)I(n—m)I'( —n)L(v—1) Z:; Z; ZO = ;) ZO ZO Z:; JZ;)
b+pi+j,+1
X Y (=D g (n—s, = a, (s, +1—n—1-s,)
p2=0
[n—m—lj(n—sl +i, +1, —ZJ(l—n—lj
X .
Sy Ji S
o l—n—=1+s -5, +i, +1, T(a+j,+2)
Ja pl(n=s, +i, +1, =)
I'b+p +j,+2 7
bt piti,+2) [ WK W) f(wdw, (2.25)
P\t +t, +i, +i, +l—s5, =)
where
K(w)= [ g7re itV log F(2)] [~log F (W) +log F(2)]™ %dz, (2.26)
w Z

We can find K(w)in (2.26) in the similar way that was shown in theorem 2, then by
substituting the result into (2.25) we get

1 n—-m-1 oo oo n—=s;+ij+=2a+j+l [-p-1 o oo I=n=l4s =5, +iy+t, b+p+ j, +ly—]—]
(a,b,c,d) __
i = IDIDIED VD NS DD
FmI'(n—m)I'(I-n)'(v=1) 51=0 =0 1,=0 Ji=0  p=0 ;=0 i,=0 1,=0 j2=0 P2=0  s3=0

oo V=l=l+s,—s3+iy+t3c+py+ i+l

XZO zo Z z ev—xrl(_l)v—m+s.+sz—3 a, (n_sl_z)aiz (S1+l_"_1_sz)a,~3 (V—l—1+S2—S3)
=0 1;=

3=0 . =0 p3=0
X[n—m—lJ[n—sl +i, +1, —2}[1—n—1](l—n—1+s1 -8, +i, +t2](v—l—1]
5 Ji 83 Ja 53
X(v—l—l—s3+s2+i3+t3j T(a+j, +2) L(b+p, +j,+2)
s p (=5, +i, +t, =D b Nt it i iy L=, 1)

Ic+p,+j,+2)

X -
Pl(V=sy +1, 1, +ty i, +iy +iy — 1)

7 d+p; Sy —(v=s3+t +y 3 +i +iy +iz—Dw
XJ' w P [IOgF(W)] e (V=531 +y +H3 iy +iy +iy—1) f(W)dW
0

In the same way of theorem 2, we can get (2.22). Hence the theorem is proved.
If @ is a positive integer number, then the relation (2.22) becomes

(a.b,c,d) 2N nfl i i nfxlfllfhfl lil i i Ifansiz+i2+12b+pij2+lv—il
mnly - Tm-mII-mlv-1) ;= % = =0 pi=0 5,20 i,=0 1,=0 720 7220 5,20

oo V=l=l+s,—s3+iz+t3ctpy+j3+16-1 oo iy+sy+k

Xi) zo Z z z Z z (_l)v—m+x1+xg+33+k—3 a, (n—sl—Z)aiz(Sl+l—l’l—1—S2)
=0 i3=

3 3 J3=0 p3=0 k=0 i,=0  j,=0
n—-m-1\(n—-s +i +t,=2\(l-n-1
xa (v=I-1+s,-5;)q, (55) .
iy 4 s, i 5,
X(e—lJ[l—n—lJrsl—sz+i2+t2J(v—l—1J[v—l—l—s3+s2+i3+t3J(i4+s3+kJ
k jZ S3 j3 j4
« I'a+j, +2) I'b+p, +j,+2)

pl(n=s, +i +1, =D p N+, iy i+ —s, D)
Lic+p,+j,+2)

X .
Pl =y 1ty H 1y i+ —p)crrthns

I'id+p,+j,+2)
(k+v+t, +t,+t,+i, +i, +iy+i,

(2.27)

)d+p3+j4+2 ’
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The quadruple moments of record values from gamma distribution G(2,1) can be
obtained from (2.27) by setting € =1.

3. Recurrence Relations Between Moments
For the exponentiated gamma distribution, it easily observed that

F(x)= %[ex — (e +DIf () 3.1)

By using this relation, we establish below some recurrence relations satisfied by the single,
product, triple and quadruple moments of record values.

3.1 Recurrence relations between single moments
Theorem 5
For n=1,2,...,a=0,1,2,.. and O is a real value, then

(a+l 2)

=5 6.2
Proof
Let us replay equation (2.2)
a 1 T 1
u' = =] x“[~log F(OI" f(x)dx.
Upon integrating by parts, we obtain
:Uf,a) = F(nl D I [~log F(x)]" {ax"™ F(x) + x* f (x)}dx
u = = r(na+ 5] [ x'[~log F0)I" F(x)dx
]o “le* —(x+1D][~log F(x)]" f(x)dx (using (3.1))

9r(n +1)

HF(n+1 e [=log F(0))" f (x)dx I X (x+D~log F()I" £ (x)dx

0

N 1‘” a-H -2 n

5 —logF
ar(n+1 (2 .{ [~log F(0)]" f (x)dx

oo

- j “=log F(I" f(x)dx— [ x"?[~log F(0)I" f (x)dx)

0
(a+i-2) (a-1) (a=2)
=_{;; _ll'ln-H _ll'ln-H }
After some 51mp11flcat10n, we get (3.2). Hence the theorem is proved.

3.2 Recurrence relations between double moments
Theorem 6
For m<n,mn=12,... and a, b—O 1,2,..., and @ is areal value, then

(a, b)

(a b) (a+z —2,b)
/’lm n m+1 n - _gzl N m+1 n+l (33)
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Proof
Let us consider (2.9), then by integrating /(y), we get
1) =227 o tog Py =log F(y) + log F(xy1 2 L g

' F(x)
+ ET x“'[-log F(x)]"[-log F(y) +log F (x)]"™" " dx
m y
From (3.1) we get

I(y)=

n_m_lif xa[_logF(x)]m[_logF(y)+10gF(x)]n—m—2 f(x) dx
F(x)

+ i]o x“'[=log F(x)]"[~log F(y) +log F(x)]"™"" &x_l [e* —(x+1D)]dx (3.4)
me ", F(x)
By substituting /(y)in (2.9), we get

(a.b) _ 1

= 0 a,,b _1 F m _1 F 1 F n—-m-2
F(m+1)r(n—m—1);[ { x“y"[~log F(x)]"[~log F(y) +log F (x)]

f( ) a s a2 _ b
e )f(y) 9F(m+1)F(n—m);[ j Y'le* = (x+1)]
x[~log F(OI"[~log F(y) + log F(x)]"™" f x )f(y)dxdy

oo

[ x"y [=log F(x)]”

y

(@b) (@b _ a l
m,n /'lm'*'lv" 91"(m+1)l—‘(n—m) z() '0

'—;8

nmlf(x)
F(x)

[ 27y et Di-log Fo)I"[-log F(3) + log F(x)]

y

X[=log F(y)+log F(x)]"™" < —— f (y)dxdy

nmlf(x)

o3

f (y)dxdy.

In the same manner of theorem 5, we can get

(a,b) (a+z -2,b) (a-1,b) (a=2,b)

(a,b) _ a
Itlm,n _Illm+l n - _{ZO m m+1 n+l #nﬁ—l,lﬁ—l _lle+1,n+1}.
i=

After some simplification, we get (3.3). Hence the theorem is proved.

3.3 Recurrence relations between triple moments
Theorem 7
For m<n<i,mn,l=12,.. and a,b,c=0,1,2,..., and @ is a real value, then

(a,b,c) (a+i-2,b,c)

(a,b,c)
/’lm,n,l _ll'lm-H n,l __iZZ: _ll'lm+l n+l, I+1° (35)

Proof
Let us consider (2.16), then by integrating /(y)in (2.10) by parts as it was shown in

theorem 6 and substituting the result (3.4) in (2.16), we get
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1 o oo oo

j J ] a2 log Fo[=log F(y) +log (1™

(a,b,c)

Moot~ T(n+ D0 —m—- DI —n)

- S ) ()
F(x) F(y)

© o0 oo

X[~log F(z) +log F(y)] ~—= f(z)dxdydz

2y et —(x+ D][-log F(x)]"

9F(m+1)F(n m)f jj

- S ) ()

x[~log F(y) +log F(x)]"""[~log F(z) +log F(y)] F(x) F(y)

—— f(z)dxdydz.

In the same manner of theorem 6 we can get

(a,h,c) (a b, L‘) {Z (a+i—2,h,c) (a—1,b,c) (a—2,b,c)

m,n,l m+1 nl m+l,n+l,l+l ll'lm+l,n+l,l+l /’lrn+l,n+l,l+l :

- !
After some simphflcatlon, we get (3.5). Hence the theorem is proved.

3.4 Recurrence relations between quadruple moments

Theorem 8
For m<n<il<v,mmn,lv=12,.. and a,b,c,d =0,1,2,..., and @ is a real value, then

(a,b,c,d) (a b,c,d) a (a+i—2,b,c,d)

m,n,l,v m+1 n,l,v - _ZZ ; m+1,n+l,l+1,v+l. (3.6)
Proof

Let us consider (2.23), then by integrating /(y)in (2.10) by parts as it was shown in
theorem 6 and substituting the result (3.4) in (2.23), we get

1 © o0 o0 oo

(@h.e.d a b _c_d
= log F
mon Ly F(m+1)F(n—m—l)F(l—n)F(v—l);[ { J J x“y’z°wi-log F(x)]"

X[—log F(y)+log F(x)]""?*[~log F(z) +log F(y)]™""

x[~log F(w)+log F(z )]V“ﬁx; ?Eﬁ; IJ;EZ;f( w) dxdydzdw

0 00 o0 oo

a a2 b _c_  d
+er(m"'l)r(n—m)F(l—n)F(v—l);I; f f f y'zwilet = (x+1]

X[—log F(x)]"[~log F(y)+log F (x)I"™"
x[~log F(z) +log F(y)]""[~log F(w) +log F ()]

S fO) f(2)
F(x) F(y) F(z2)
In the same manner of theorem 6, we can get
(a,b,c,d) (a,b,c,d) (a+i—2,b,c,d) (a—1,b,c,d) (a-2,b,c,d)
— __{Z -

f (w) dxdydzdw.

m,n,l,v m+l,n,l,v m+1,n+1,l+l,v+1 ll'lm+l,n+l,l+l,v+l ﬂn1+l,n+l,l+l,v+l :

- i
After some simplification, we get (3.6). Hence the theorem is proved.

4. Moment Generating Function
Let X, ., X, » X, be the first n lower record values from the EG distribution

given in (1.1). Then moment generating function (MGF)for the single, double, triple and
quadruple moments of lower record values are given as follows.
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4.1 Moment generating function for single moments
The MGF of the lower record value X, denoted by M, (1) is given (see

Mohie El-Din et al. (2000)) by
M, (t)=E("")= T " f, (x)dx, (4.1)
0

where f,(x) is defined in (2.1).

The exact explicit expression for the MGF for single moments of lower record values from
EG distribution is given by the following theorem.

Theorem 9
Forn=1,2,...,a=>0 and @ is areal value, then
u o & Lk -1\(n-1+i+k I'(a+ j+2)
(1) = 1 1 — 4.2
M., 0= F(n),z(;;) ,Z(:) D a(n= )[ j[ J j(n—H—H—k)‘””z (4.2)
where 4. (n-1) is defined as the Appendix.
Proof
From (2.1) and (4.1), we get
| =
M (¢ )—m e"[—log F(x)I"" f (x)dx. 4.3)
By using (1.2), we get
M, )= o J. e {=log[l—e* (x+ D1} f(x)dx.

I'(n)y
From the logarithmic expansion we get

0”_1 T t!c € (x+1) n -1
=2 dx
M.0=p ] e
g(n )ia( _ ).[ e—(n t— 1+1)x(x+1)n 1+lf(x)dx

where ,(n-1)is defined in the Appendix, from (1.1), we get

M, = r( ) (n=1) j xe "N e+ D) 1= e (x + D] dx,
i=0
From the Binomlal theorem we get
-1\ ) .
M” ([) _ r( ) > ( J' xe—(n—t+z+k)x (x+1)n—l+t+k dx,
i=0 k= 0

Again from the Binomial theorem, we get

M”(t)_ g" Z Z z ( 1) a, (n 1) e—lj(l’l—l-‘rl-‘rkj:f xjHe_(n_HHk)xdx,

I'(n)im =0 j=0 k Jj o
Since the integration is a complete gamma function, we get
6" o n-Lei+k O0-1\(n-1+i+k [(j+2)
1) = 1 1 — . 4.4
M., = F(n);;‘kzo Jzo (=14, k J[ j ](n—t+i+k)’+2 @4

By differentiating both sides of (4.4) w.r.t. ¢, a times, we can easily obtain (4.2).
Note that by putting =0 in (4.2), we get (2.3).
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If @isa positive integer number, then the relation (4.2) becomes

oo G-l n—1+i+k 1 k .
M;a)(t)_ zz Z (- 1) a,(” 1)[ J[” “tl+ ] F(a+]+2)‘ ' (45)

I'(n) =i =0 J (n—t+i+k)"/*

The MGF for single moments of lower record value from gamma distribution G(2,1)
can be obtained from (4.5) by setting € =1.

4.2 Recurrence relations for single MGF
Theorem 10

Forn=1,2,...,a=>0 and @ is areal value, then

M;u) 0+ t;GMfffl(f) +£M5,T11) (1) = éE"H(X a-1 (e(t+l)X e ))+%'En+l(X a-2 (e(z+1)x e ))(46)

0

Proof

Let us consider equation (4.3), upon integrating by parts, we obtain
1 T n 29 29

Mn(t)—l_(n+1) { [~log F(x)]" {te" F(x)+ " f (x)}dx
R
— = “[~log F(x)|" F

M, —-M @ F(”Jrl)?[ e"[~log F(x)]" F (x)dx

4 T o —lr x _ n 3
_er(n+1) j e"x ' [e* = (x+D][~log F(x)]" f (x)dx (using (3.1))

S 1){J x e -log FOOI f (x)dx J xe" (x4 D[-log FOT' f(x)dx

B ¢t e(r+l)X rX

= S E () oM O+ E, L
By rearranging the last equatlon we obtain
f— 9 (t+l)X X
M, (O+ TM”“ ()= ,m( X ). 4.7)

By differentiating both sides of 4.7) w.r.t. t, a times, we can easily obtain (4.6).
Note that by putting =0 in (4.6), we get (3.2).

4.3 Moment generating function for double moments
The joint MGF of X, and X, E("“"™") denoted by M, (.1,) is
given by
1 N ,
Loty = e (x, y)dydx, 4.8
M a\psly F(m)r(n—m)l J; f yyay ( )

where f (5 3) is defined in (2.6).

The exact explicit expression for the MGF for double moments of lower record
values from EG distribution is given by the following theorem.
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Theorem 11
Form, n=1,2, ...,m<n, and @ is areal value, then

n—m—1 o oo Ij+s+k ) o N—=S+i+v-=2

Mm,n(tl’tz) 1_,( )F( Z Z Z Z Z Z Z Z (—1)" stk—1

s=0 k=0 §=0 =0 p=j+2v=0 i,=0

% (5)p ( 2)(71—171—1][0—1]{11+s+kj{n—s+12+v—2j
(8)q. (n—s— . ;
a:>a, S k Ji J2

I'(j, +2) I'(p+j,+2)
Pl +k+i, =1, +)" 7 (ntv+i +iy—t, —t, + k)"
where a; (s) and a,(n—s=-2) is defined as the Appendix.

4.9)

Proof
From (2.6) and (4.8), we get
1 T T nx o thyr m=1r__ n—m—1 f(.X)
M on (ot =g — j j e”'[-log FCOI™" [=log F(y) +log FO)I™™™ 75 f (v) dyd:
1 T nxyg m—1 &
ol m)£ ¢"(-log F(x))"Q,(x) 1~ dx. (4.10)
where

0 (x)=] "' [-log F(y)+log F(x)I""" f(y)dy

n—m-1

n—m-—1 s b by .
= z[ i ][mgF(x)]" "] =log F()I' f (y)dy

5=0 0

n—m-1 n—-m-—1 X ——t))y . s . g
="y 9[ ! J[logF(x)]"‘m“"‘ J v ™ (Hlogli—e” (y+ DY lI—e (y+ 1)1 dy

0

T & k s+l 1 0 1 n—m—l-s —(+k=t5)y - - 1 i s
=2 X (Do [” o j( j[logF(x)] [ye ™ ety g

s=0 k=0 0

& + n-m—-1)(6-1 nm—i—s [ —(l+k+iy~t,+5)y +ij+s
TS S cnre ,-1<s>[ S ]( . ][Iognxn ] g (g 1) gy

s=0 k=0 =0 0

n—m—1 oo oo k+ij+s oo - -1 9_1
3R s everas

s=0 k=0 =0 =0 p=j+2

I'(j, +2)x”
ST

4.11)
pll+k+i, —t, +5)"

k+i, +s —
x { .1 j[log F(x)]n—m—l—s e—(1+k+zl—t2 +5)x

Ji

Substituting (4.11) into (4 10), we have

— (CLRRE = S n—-m—l+k—s pns+1 n_m_l
M’”'”(tl’tz) 1—‘( )r‘(n m) Z Z Z Z Z ( 1) & i1 (S)[ s j

s=0 k=0 {=0 ;=0 p=j+2

o O-1\k+i +s I'(j,+2)
k i pl+k+i —t, +5)" "7

n—s—=2 de
F(x)

o jpr_ﬂJkal_tl_tﬁE)X {—log F(x)}
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n—m-1 oo +ij+

m—1 oo +5 oo n—-m-—1
M 1 n—m-l+k—s ps+2
m,n (tl > t2) F( )F(l’l m) Z kz Z Z Z ( ) 0 ail (S)( s J

5= i=0  j;=0 p=j+2

o O—-1\(k+i +s I(j, +2)
k i plA+k+i, —t, +5)"7

oo

x J' P gkttt s)x - IOg[l —e (x+ 1)]9 }n—s—z

0

X[l—e ™ (x+1)]"dx

en Sl N & N S n—-m—l+k—s n_m_l
_mZZZ DI ai](s)[ ! j

s=0 k=0 i Ji1=0  p=j;+2 v=0

y O—-1\(k+i +s I(j, +2)
k i plA+k+i, —t, +5)"7

X Txp+le—(2+k+i,—tl—t2+s+v)x (X + l)v {i e ™ (X + 1),

0 i=1

—5—2
}n s d.x
0” n—m—1 oo oo k+ij+s I

T 2 2 X 2 XX X ) g 0, (nms-2)

Ji=0 p= v=0 i,=0

y n—-m-1\(6-1 k+q+s (j, +2)
s k i plA+k+i —t, +s) 7

% pr+le—(k+i,+i2 —t)—t, +n+v)x (x+ 1)v+i2 +n—s—2dx

n-m—1 o oo ij+s+k oo o n—s+i)+v-2

F(m)]“(n m) Z Z Z Z Z Z Z Z (=])rms et

s=0 k=0 {=0 =0 p=j+2v=0 1i,=0 J2=0

y (s)a ( Z)En—m—lj(é?—l][il+s+k](n—s+i2+v—2J
, n—s-—
@A s N kU iz

F(Jl + 2) — T xp+j2+le—(k—11—t3+i|+i3+v+n)xdx
pl+k+i, —t,+5)""77"
Since the integration is a complete gamma function, we get (4.9). Hence the theorem is

proved.

If @ is a positive integer number, then the relation (4.9) becomes

0" n—-m-1 -1 o i+stk oo oo N—S+i+v—2

RS e DIDIDID I IDID IND IS i

s=0 k=0 =0 ;=0 p=j+2v=0 i,=

0 (). ( 2){n—m—1J(0—lJ(zl+s+k}(n—s+i2+v—2J
(g (n—s-— _ :
@i, § k Ji J2

I'(i+2) L(p+j,+2)
Ptk +i,—t, +8)" 77 (n+v+i +i, —t, —t, + k)"

(4.12)

The MGF for double moments of lower record values from gamma distribution
G(2,1) can be obtained from (4.12) by setting 8 = 1.
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4.4 Moment generating function for triple moments
The MGF for triple moments of lower record values, E(¢"* " ™%y
denoted by M, ,(1,.1,,1;) 1s given by

mnl(tl’tZ’t) '[ '[
0 0

where fmn[(x, y,z) is defined in (2.13).

The exact explicit expression for the MGF for triple moments of lower record values
from EG distribution is given by the following theorem:

e (X, y,2) dzdydx, (4.13)

O C—

Theorem 12
Form, n, [=1,2, ..., m<n</I, and @ is areal value, then

9[ I-n—1 oo Ij+s+k I oo [—n—l+sy—s+iy+v,
M (1),1,,15) = Z Z Z Z Z Z Z Z
ot I'mI'(n-m)'(I —n) 5=0 =0 k=0  ji=0 p,=j+2 5,=0 =0 i, j2=0
oo o N—Sy+i3+vy—

« Z Z Z Z ( 1)1—m—sl—sz+k—2 a, (sl)ai2 (l-n-1-s, +s2)ai3 (n—s,-2)

Pa=pi+j+2v,=0 iz=

X(Z—n l](ﬁ lJLll + 5, +k]£n—m—1}£l—n—l—sl +5, +i, +V1]
Sy k Ji P J2

N n—s,+i, +v, —2 I'(j, +2)
Js p (s, +i, +k+1—1)" "
I'(p, +Jj,+2)

x :
PV, Hk+i i, Hl—n+s, +1—t, —t,)"TRT

x Py *Jy +2) . (4.14)
W +vy i+, i+l + k-t —1, —1,)"

where g, (s,).q, (-n-1-s+s,)and g, (n—s, —2)are defined as in appendix.

Proof
From (2.13) and (4.13), we get
1 T T nx oty e m=lpr__ n-m-1
M ity = o j j j e e e -log F(x)]""[~log F(y) +log F(x)]
fene1 S (X) f(Y)
—log F log F dzdyd.
X[=log F(z) +log F(y)] H)F(ﬂK) ydx.
1 T T
— nx t) 1 F m—1
ComTon—mra—mi | €"e" ei-logF(l
nmlf(x)f(y)
X[—log F(y) +log F(x)] dydx, 4.15
og F(y) +log F(x) F& FO») (4.15)
where

0,(»)=] ¢ [-logF(z)+log F(y)I""" f(2)dz (4.16)
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We can find Q,(y)in (4.16) in the similar way that was shown in theorem 11 to find Q,(x),

then we get
o oo I+ +k oo - 9—1 k
Q,(y)= Z Z Z 3% -t 651+1 (s)[ —-n ]( j[z +s. + ]
=0 =0 k=0 ji=0 p;=j+2 Sy k Ji
F(Jl + 2) l-n—1-s —(s,+i+k+1-13)y
X A log F Lyl 4.17
(s, iy Hhk+1-1)7 Hog £ v (17
Substituting (4.17) into (4 15), we get
© & Atk = —n—1)0-1Y1i +s +k
1 s, +1 " Lo
L S m)r(l—n) Z‘g Zo 2 ,zg ,,1%2( AN )( ]( k J( Ji ]
1—‘(]1 +2) T ’1’" fz) m-1 n—m-1
- log F log F log F
x plwsl+il+_k4_l_t3)h+2p|£ ! [~log F(x)]"'[~log F(y) +log F(x)]
l=n=1=s; _ p; —(s;+ij+k+1-t3)y M f()’)
X[log F(y)] ye Fo 7F(y)d dx
1 langl = e tstk —n—-1Y@-1\1i +s +k
s, +1 Lo
R En PP IP I I VA A )( 5 j( k J( j ]
F j +2 hLhx m—
G+2) J ¢ 0,(wl-log F(x)1™ L 8 (4.18)

p (s, +ip +hk+1—t,)0 "

where
ikt )y I S22 gy, (4.19)

0;(x) = j [—log F(y)+log F(x)]" " '[log F(y)] ™" y” e

In similar way that was shown in theorem 2 to find /(y), we can find Q,(x), then we get

n—m-1 oo oo I—n—l+sy—s+iy+v, oo
I—n—1-: I—n—s)+s
Z Z SUN aiz(l_n_l_sl+52)9 e

0,(0=2 > >

pr+ja+2

5,=0 v;=0 i,=0 J2=0 Pr=
o n—-m—=1\(l-n-1-s+s5, +i, +v, I'(p, +j,+2)
5, 2 P Hk+i +i, Hl—n+s, +1—t, —t,)" TR
X [log F(x)]n—m—l—s2 xp —(vy+iyFiy H=nts, Hk+1-t,—13) x (420)
Substituting (4.20) into (4 18), we get
oo I—n—l+sy—s+iy+v, oo
(t ,l ,t ) (_l)l—m—s,—sl+k—2
L T T=T TP IS
O sy s s )F— —j(&—j(q+q+k1n—m—j
*a. (s (—n—-1-s +s .
a. o a, b 5y k Ji )

I'Gi+2)
pl(s, +i, +k+1-1

I—n—=1-=s+s,+i, +v
X
3)J‘|‘*'2_P1

J2
y C(p, +j, +2)
P v, +k+i +i,+l-n+s, +1-1,

_ Pi+ia+2-p;
L)

XJ‘ [~ logF(x)]" 272 .72 ;;Ex; P S (421)
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In similar way that was shown in theorem 2, we can get (4.14). Hence the theorem is
proved.

If @ is a positive integer number, then the relation (4. 14) becomes

6-1 ij+s+k oo oo [=n—l+sy—s;+ir+v, oo

B 9[ - o
A e D HDID MDD D HDID I YD

51=0 #=0 k=0 J=0 p=j+2 5,=0 v=0 i, Jj»=0 Pa=pi+j,+2

oo N—Sy+i3+vy =2

XZ Z Z (_l)l—m—s|—32+k—2 ail (il’sl)ai2 (i2,l—n—1—Sl +S2)

v, =0 iy=0 j3=0
. I—n=-1\\0-1\i+s +kYn—-m-1
x a (iy,n—=s,—2) .
B Sy k I )
« I—n—=1-=s+s,+i,+v, \(n—s,+i;+v, =2 I'(j,+2)
J> Js (s, +iy +k+1—1;) "
y I(p,+j,+2)

P, Hk+i +i, Hl—n+s, +1—t, =)

T(p,+j3+2)
(v, + v, +i, +iy iy k=1, =1, 1)

X

(4.22)

The MGF for triple moments of lower record values from gamma distribution G(2,1) can
be obtained from (4.22) by setting 8 =1.

4.5 Moment generating function for quadruple moments
The MGF for quadruple moments of lower record values,

E(e" ot i s ot iy - denoted by M, (1,.1,.1,.1,) is given by

m,n,l,v
o Xy Z
M, ., (t.1,,t5,1,)= H” et f (X, 2, w) dwdzdydx. (4.23)
0000

where f o (xyzw) is defined in (2.20).
The exact explicit expression for the MGF for quadruple moments of lower record
values from EG distribution is given by the following theorem.

Theorem 13
Form, n [, v=1,2,...,m<n<I<v,and @ is areal value, then
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ev y—=l-1 oo oo ij+s)+k oo I-n—1 oo oo ViS5, +ip +v=I-l-s;
M, a1 = IDIDIDINDNDID D)
mCn-mrd-nI'(v-1) =0 =0 k=0 =0 p=j,+25,=0 v,=0 i,=0 j2=0
o n-m—-1 o oo [—n—l-s)+s3+i3+v, o o oo n—Sy+ig+vy—2
p)—m—s;—5,—53+k=3
PIEDIDID I PIEDIDINED I
pr=pi+ja+2 53=0 v;=0 i3=0 J3=0 P3=patj3+2v3=0 iy=0 Ja=0

Xa, (sl),al_2 (s, +v—l—1—s1)’ai‘ (s, +l—n—1—sz),ai4 (n—s,-2)
X(v—l—lJ[e—lJ(il +5, +k][l—n—1](v—l—l—sl +s, +i, +v1]
Sy k i P J2
X[n—m—l}(n—s3 +i, +v, —2][[—n—1—s2 +85 +1 +vzj
53 Ja J3

I'(j,+2)
p (s, +i, +k—t,+1)"
I'(p+Jj,+2)
P, HhHi iy, F V=48, —t,—t, +1)R
L'(p,+j5+2)

+2-p,

P llk+s, —n+v+v, v, +i i, +iy—t, —t, —t, + )

I'(py+j,+2)
x 3 -4 ___ (4.24)
r o p3ti,t2
( +v+v1+v2+v3+11+12+z3+z4—tl—t2—t3—t4)

where g, (s)).q, (s, +v—-I1-1-s),a (s;+l-n-1-s,) and g, (n—s,-2) are defined as in

appendix.
Proof
From (2.20) and (4.23), we get
1 T E t X+, y+H3Z+H W m—1
— R i | F
Mm,n,[,v(tl’tZ’t3’t4) F(m)F(n—m)F(l—n)F(v—l)‘([ E'). E'). _([ e [—log F(x)]
X[—log F(y)+log F(x)]""'[~log F(z) +log F(y)]"™""
B a1 S (%) f(y) f(2)
x[—log F(w) +1log F(z)] Fo) FO») F(2) f (w)dwdzdydx.
1 T T Hx+,y+HZ
_F(m)F(n—m)F(l—n)l"(v—l)-([ -([ -([e Q.(2)
x[~log F(x)]""'[~log F(y) +log F (x)]"™"
_1 F 1 F [—n—1 f(X) f(y) f(z) d d d , 4‘25
X[~log F(z) +log F(y)] F o) Fly) Fla) 2% (4.25)
where
0,(2) = jew[—log F(w)+log F(2)""™ f(w)dw (4.26)
0

We can find Q,(z)1in (4.26) in the similar way that was shown in theorem 11 to find Q,(x),

then we get
—I-1 o oo tstk oo sHl(v=I1=1\0-1\(i, +s, +k

0@=3 T F '3 ¥ et ( I )( ) j

5=0 =0 k=0 =0 p=j+2 1 S k Ji

I'(j, +2)

v=l-l=s; _ py —(s+ij+k—t,+1)z
X ' ' o= [log F(2)] e 4.27)
p (s, +i, +k—t, +1)
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Substituting (4.27) into (4.25), we get

1 y=l—1 o0 oo [FSHk o

k o8+
[N hre™
Mo (oo B 1) = C(m)(n—m)[(1 —=n)['(v 1) EOEOkZO JIZ =0 p, zJ:1 2( : ail (s)

v=Il-1Y60-1\(i, +s, +k F(_] +2) ra Hxtty
5, oo ) p (s, +i,+k—t,+1)/ TP 00

%0, (y)[~log F(x)]" [~log F(y) +log F(x) L2 T g (4.28)

F(x) F(y)
where
I v=l=l=s, _p; —(s,+ij+k—t;—t,+1)z I-n—1 f(Z)
05 (y) =I [log F(2)] tzle T [~log F(z) +log F(y)] mdz (4.29)
0
In similar way that was shown in theorem 2 to find /(y), we can find Q.(y), then we get
I-n—1 o 0o VS tip+v—I-1-s; oo - / l-n-1
0= s Y S et +v—l—1—sl>9”““[ j
5,=0 v=0 i,=0 J»=0 Pr=pitjat2 ) 52
o v=Il-=1-s+s,+i, +v, I(p, +j,+2)
i P\ A k+i iy +v—l+s, —t, —t, +1)PH
% [log F(y)]l—n—l—s2 y P2 e—(v]+k+i1+iz +V=l+s,—t3—t4+1)y (430)
Substituting (4.30) into (4.28), we get
1 oo oo ijt+s;+k o [-p—1 o oo Vi+Sy+iptv=I=l-s;
(. 15,15,1,)=
Mottt ) = R =m0 Z Z Z Z ZZ Z Z
% i (=1)"Imskl gt a (Sl)a,' (s, +v—l—1—sl)[v_l_1]
P2=pi+ir+2 I : Sy
y O-1\(i,+s, +k\l-n-1\v=I-1=5 +s5, +i, +V, I'(j,+2)
k Ji 8, Ja (s, +i, +k—t, +1)7
y L(p, +j> +2)
P\, +k+i +iy +v—I+s, —t, —t, +1)PH
X[ e Q,l-log FoI™ L gy 4.31)
0 F(x)

where

Qs(x) =j|('yp2 [—10gF(y)+logF(x)]" m—1 fﬁy; [IOgF( )]1 n—l-s, —(v1+k+11+12+v l+sy~ty—13 t4+l)vd (4 32)
0

In similar way that was shown in theorem 2 to find /(y), we can find Q,(x), then we get

n-m—1 oo oo [—n—l-sy+s3+i3+v, oo , . "
—n—l-s, 53 +l—n—s,
0= 2 > Z > Y DT g (syHl—n—1-s)00
53=0 vy=0 i3= J3=0 P3=patiz+2
% (n _m_lJ [1 -—n—-1- S, +83+ i3 + VZJ e—(kﬂ;—nwwﬁvzﬂ+i2+i3—12—1;—14+1)x
3 J
L(p,+js+2)
P+ 5, =+ VY +V, i iy iy — 1, — 1 — 1, + 1)
—m—1-s
X x”[log F(x)]"™"™ ™. (4.33)

Substituting (4.33) into (4.31), we get
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1 -1 oo oo ijts tk oo [-n—-1 oo oo Vi+sy+iy+v—I-l-s oo n-m-1 oo

L TIPS TREPIP 2P IEP PP I P M TP S 2 3
oo [=n—=l-s,+s53+iz+v, oo

IS )

P2=p1+j2+2 53=0 v,=0
P3=py+i3+2

DT T g () g, (s, +v=l=1=5) g, (s;+]-n—1-5,)
y v=I-1YO0-1\(i+s,+k\I-n—1\(v=I—1-s+5,+i,+V
s, k i

v

i3=0 j3=0

J

n—m—=1\l-n—1-s,+s,+i;+v,
) I j[ 53 j[ Js J
I'Gi+2) U(p+j,+2)
Pl(s i+ k=1, + D p N ki i v =T+ s, —t, —t, + )P
L(p,+js+2)
plk+s,—n+v4+v +v, +i +i, +i;—t,

—t,—1, +1)ﬂz+j3+2’l73
XJ‘ e (k83— RHV4v, +Vy i) i iy =t —ty 13 =1, +1) X [ IOgF( )]n 53—2 f(x) d
0

x (4.34)
F(x)
In similar way that was shown in theorem 2, we can get (4.24). Hence the theorem is
proved.

If @ is a positive integer number, then the relation (4.34) becomes
2N v=i-1
Mm.n.l,v (tl’t27t3’t4):

oo -1 Qs +k oo oo Vy+S,+ip+v=I-l-s;
IrmI(n-mI(-mI'(v-1) ;0 I,Zo ; z z z Z z Z
—m=1

H=0 p=ji+25,=0 »=0 i,=0
oo oo I—n—l-s,+s3+i3+v,
JDDIDID D)

J2=0
P2=pi+ja+2 53=0 v,=0 i3=0

)

n—sy+iy+vy—
J3=0

( 1)vfm7317327s3+k73
P3=py+j3+2v3=0 iy;=0

Ja=0
Xa (sl),ai’(s2+v—l—l—sl) a (s;+1—-n-1

sy +l-n— —sz),ai (n—s,-2)
[v—l—lJ(H—IJ[il+s1+kJ(l—n—lJ[v—l—l—sl+s2+i2+v1
X
5 k Ji

Sy

J» J
(n—m—lJ[n—s3 +i, +v, —ZJ(l—n—l—s2 +85,+i; +v,
X .
3 Ja

.

I'(j, +2) I'(p,+j,+2)

pGs i +k—t, + D p Vv ki iy AV —l+s, —t, —t, +1)TRTE
I'(p,+j,+2)

pylk+s,—n+v+v +v, +i +i, +i,

\ _tz —t3 —t4 _,,_l)ﬂz*jz*z*l’}
X

I(py+j,+2)

—>- (4.35)
(K+v+v, vy vy +i) +iy +iy+i, =1, —t, — 1, —t4)p3 Ja
The MGF for quadruple moments of lower record values from gamma distribution G(2,1)
can be obtained from (4.35) by setting 8 =1
Appendix

Let us consider

o0 i

log(1—x)=-> > [x/ <1, then
l

i=1

[~log(l= 0" =[3.2-1"

2 3 i
X X X
:[x+?+—+...+—+...]’"

i

— Zas (m)xm-#s ,
5=0
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where a,(m)is the coefficient of x"**in the expansion of [Z x—_]"’.(see, Balakrishnan and
i=1 1

Cohen (1991)).
The coefficient a (m)can be generated very easily as follows. First of all, we see that
1 1 1
a M =LaM)=",a0)="aB)=——.. (A.1)

Next, let us consider a, (m)for m >2, given by

a, (m) = coefficient of x¥in [Zx_.]’"
i=1 1

i=1

:i { coefficient of xi in [ii]}x{coefﬁcient of x* ~iin [ii]"l‘l}
i=1 =1 1

=S ta m-m. (A2)
i=1 L

Thus, by starting with the value of a (1) given in (A.1), we can compute the coefficients
a,(m) for any value of m by repeated application of the recurrence relation in (A.2). After
computing the coefficients a, (m) by this way, one may either directly compute the required
moments or MGF's.

Note that, if m =0, then the summation [Z(.)]’"is equal the unity, so a, (0)=1,s =0 and
i=1

a (0)=0,s>0.
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