
Particle on a Sphere 
 

  Particle can move anywhere on the surface of a sphere  

  motion on a stack of rings with particle able to move between rings  

 
 
 
 
 
 
 
 
 
 
 
 

  Acceptable wave function has to be single valued 

 ⇒Wave function of particle has to interfere constructively around 

the “equator” and around the “poles” 

 ⇒2 cyclic boundary conditions 

 ⇒2 quantum numbers to describe state of system 

 Spherical Polar Coordinates = most efficient way to describe 

position of particle on sphere  

 
 
 
 
 
 
 
 
 
 Particle constrained to sphere, V( x,y,z) = 0 on the sphere 
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 Use separation of variables: 
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 Solve SE in terms of each direction of rotation 



 In case of angle =     
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 = Particle on a ring! 

 In case of angle =     

 Solutions are known as associated Legendre polynomials     

 

 

  
 
 
 

 
 
 
 Acceptable solutions 

 for a particle →wave functions specified by 2 quantum numbers 

restricted to values: 

             = angular momentum quantum number 

              = magnetic quantum number 

 Solution = Spherical Harmonics  
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 Energy 

   
  

    
  (   )           (         ) 

 Energy is quantized 

 Energy depends on l 

 Energy independent of ml 

 Degeneracy = 2l + 1 

 

 If a wave function is complex (has real and imaginary components) 

 to plot take linear combinations  

 Fundamental principle: 

 Any linear combination of degenerate eigen functions is also an 

eigen function 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Solving the Hydrogen Atom 
 

 The hydrogen atom can be pictured as a proton fixed at the origin 

and an electron of reduced mass µ rotating around the proton in a 

sphere with radius r and the potential energy will be the 

Coulombic  potential  
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 The Schrödinger Equation for the Hydrogen Atom is 
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 Coulombic potential depends on r (not   or  ) 

 Use spherical-polar coordinates 

 To solve the SE, use separation of variables 
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 Solutions to the SE in terms of the radial and angular parameters 

 Angular wave functions: same as particle on a sphere 

 = spherical harmonics      
(   ) 

 Radial wave functions =     ( ) 

          &               &              
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=Solution to particle on sphere 

=Spherical Harmonics  



 

 

 

 

 

 

 

 

 

 

 

 

 

 H Atom Radial Wave functions 
 Radial wave function = Rn,l = how H atom wave function varies 

with distance of electron from nucleus 

 Defined by 2 quantum numbers: n & l  

 

 

 

 

 

 

 

 

 

 

 Wave function passes through zero at a node 

 For   with l > 0,     at r = 0 

 But NOT radial node since r can’t be negative 

 ⇒ All nodes at nucleus are angular nodes 

 

 



 H Atom Quantum Numbers 
 Principle Quantum Number = n 

 Determines the energy: 
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 Same as Bohr atom 

          

 Total wave function has n – 1 nodes 

 Specifies the size of the orbital 

 

 

 Azimuthal quantum number = l 

 Determines the total orbital angular momentum 

 l restricted to values:                       

 Designated by letters:       s,    p,   d,     f, … 

 Specifies the shape of an orbital 

 

 

 Magnetic quantum number = ml 

 Determines the z component of orbital angular momentum 

 Z component =        

 ml restricted to values:                 
 Specifies orientation of orbital in space 

 

 

 

 

 

 

 

 

 Spin quantum number = ms 

 Not predicted by this level of theory 

 Specifies the orientation of spin of electron 

 Takes only +1/2 (up) or -1/2 (down) 



Total Energy of Hydrogen Atom 
 

 The Schrödinger equation was solved exactly for the hydrogen atom 

giving an energy can be calculated from the following equation  
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 Using the atomic units the total energy of the hydrogen atom will be  

        
      

     (    )
     

  

 

 

  
 

 

               

Where  

  (    )            
is called a Hartree 

 

 

 


