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Some Notes on Boundaries with Application
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Abstract

We established some certain boundary sets in topological
spaces. '

We obtain the following results :
(Ya(aUB)=04UaBiff 0(4ANB)UGANB)c 34 UB)

(iyoe(4 UB )z a4 UooB
(iii) 84 N8B < (4 U B )implies 33(A N B) < 094 U 0B
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§ 1. Introduction

We shall establish some properties of boundary sets in topological
spaces. X denotes the fixed topological space with no specific
property or separation axiom. A° = intd,4 =cid are the interior and the
closure of the subset A in X as usually. The boundary of A is
84 =ANX =4 ~A4°. The boundary of 84 will be written 334 . It is
well known that if A is open or closed then 4 64 = 84 holds, t.e 64 1s
nowhere dense.

A more general statement also be proved: Nowhere dense subsets
are precisely the subsets of those special boundary sets with form
5(4UaB) where A is semi-open or semi-closed after remembering the

basic inclusion 8(4 UaB)Yc 84 UJd8B.

Recall that a subset A is called semi-open (resp. semi-closed) iff
there exists an open G (resp. closed K) with G ¢4 cGrespk” c A cK),
see [1-4]. Hence boundaries of semi-open or semi-closed subsets are also
nowhere dense since 4 cdG or 84 cdk hold respectively. In fact
soundaries of semi-open (resp. semi-closed) sets are precisely boundaries




102 : Siham J. Al- Sayyad

of open sefs since 84 =804 =d(X -84) hold if A is semi-open or semi-
closed. Notice also that in any space with a dense subset D with empty
interior, closed subsets are nothing but. boundaries since
d((k°NDYJaKk)=K holds for any closed K in such spaces.

Thus closed subsets are boundaries in Euclidean spaces, see [5].

The following basic facts will be used frequently:
G <X isopen iffc!(GﬂE):cl(GﬂA) forall A cx (1.1)
K X isclosed iff int (K U4") =int (K U4) forall 4 X (1.2)

ANB cel(4"NB),int(4d UBYyc A"UB (1.3)
AcoB iff AcB and ANB° =4 (1.4)
HANBYUXAUB) =04 UdB (1.5)

§ 2. Main Results

Any result at the sequel stated without any additional condition or
hypothesis is true all subsets of X.

Theorem 2.1 : We have the inclusions:

(i) (84 -BY)U@B -4) = 8(AUB) < (84 -BYU (BB —A)J (34 18B),

(i1) (@A UBHYU(@BB NA ) 2 8(ANB) (84 NBYU(BB NAYU (84 N3B),
(i) a4 UB)Ua(B UAd)c a4 UB)c a4 UBYUNB UA)U(@4 N8B),
(iv) 84 NBHUBBNAY A NBYSHANBHUAB NA")U(B4N3B).

Proof: The proof s trivial. The sight side if (ii) is a consequence of the

following
HANBYS(BANBYJI@B N4)

which 1s well known or easy to obtain and its left side follows by
84NB° (B NAd)- int (ANB).

The left side of (iv) 1s straight forward after (1.5) and its right side could
be obtained by using firstly the right and then the left side of (ii). (i) and
(11t) follow respectively by (ii) and (iv). Notice that the unions of (i) and
(ii) are mutually disjoint.This completes the proof.
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Remark 1 : The following also follows from (it).
84 -B cA-B)cdA4—B).

Theorem 2.2 : we have!

(i) a(a4 NaB) = (004 N8B U (84 NoaB),

(i) (64 U8B)c (904 ~intdB)U (98B ~intdAd),
(iii) (a4 UdB) a4 UB)UAUaB)UB NaA),
(iv) 2@ UaB)caldNB)YU(@4-BHU(EB ~47).

Proof : We notice that the inclusion
(84 3B ) < (884 (3B )U(88B NaA)
has already been stated in the proof of Theorem 2.1. The reverse
inclusion follows easily by (1.4). (ii) is obtained by the right side of (1) of
Theorem 2.1, after noticing
004 M088B ¢ 804 —intoB.

Also Notice that , one gets the f(ﬁlowing by (1) of Theorem 2.1,
324 JaB)~(AUB)=((84UdB -4)U((24 UdB)-B)< (8B ~A)U(@24 ~B)c d(4 UB).

Hence, yielding (iii) is not difficult. (iv) follows directly from (iii). This
completes the proof.
Lemma 2.3 :

If A (or B) is open or closed, then
04 JOB )= (004 ~int3B ) (OB —~intdA).

proof : let A be an open or closed, Then
int a4 =¢ and therefore the intersection of the right side of (if) of

Theorem 2.2 with int (84 UaB) is equal to
(98B (864 ~ intdB )Nint(intd4 8B ) = ¢
and so this inclusion becomes and equality of (1.4).
Corollary 2.1 : .
(304 \Ja0B ) = 304 U8B 2 8(a4 UaB),
(804 08B ) = 334 (03B = H(34 N8B),
24 JdB) =084 UaB => (34 9B ) =04 88.

Theorexﬁ 2.4: We have:
(i) a4UdB =a(ANB)Ua(dUB),
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(i) 84°UaB* =84 NB YA UB"),
(iii) 84 UdR" =a(4 -BHYJa(B" ~A).

Proof : Note that the inclusions :
(A UBBYNWANB)Y<AANE)
(8AUdBY~(ANBYc 84 UB)
are derived respectively by (1.4) and the left side of (i) of Theorem 2.1.

Therefore (i) follows. The others are consequences of (i). This completes
the proof.

Remark 2: If A and B are both open or cidsed, then the basic formula
(1.5) becomes equality by Theorem 2.4.

Theorem 2.5 : We have the expansions:
(i) ANB)=04NB UANBUAL NB")—>
(i) 84 UBY=084 ~-BUANBBUBAUB)

Proof : Note that the disjoint subsets
3A=A-4 and 8,4 =4 -4

have both empty interiors. They satisfy

94 =0,4Ud,4 for all 4cX and additionally the following
equivalencies are clear:

Alsopeniff 9,4=¢ iff 04 =04

A is closed iff 9,4 =¢ iff 3,4 =64

Furthermore:

HANBY-AN3,B ccl{{4NB)~AN3,B)
cc((ANB)-(ANB)Y~B"))
=cl(ANB")

Therefore one could get
HANB)=8(ANBYUANEG,B

Also we note that
B(ANB )y =cl(ANB")—int(d NB")
= (el (A" NBYJBANB )~ int(4 N B")
=34 NBYUGANB"
since ¢/ (34 NB") is disjoint with int A. Also we note that
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0,(X —A)=0,4,0,(X —A)=0,4

Hence both of the expansions with respect to second set are now
established. This completes the proof.

Theorem 2.6 : The following are equivalent:

(i) ANB=ANB,

(ii) 04 NEB cB(ANB),

(iii) B(4 N B) = (4 NEB)YU(B Nd4),

(iv) 84NB)=d(ANBYUeA NBIU@4N0B).

Proof : The implications (i) = (i) = (iil)) = (iv) are straightforward.
After noticing A°MdB <d(4°NB) by (ii) of Theorem 2.1. The condition
(iv) evidently implies.
ANE =(4"NBHUM N3BYU(B NeA)U(@4NaB)c4NB
and therefore (1) is obtained. This completes the proof.
Using Theorem 2.6 we can easily prove the following

Corollary 2.2 : The following are equivalent:

(i) in(AUBY=4"UB",

(i) 34 NoB ca4UB),

(iii) 84 UB)= (34 -B)U(BB ~4°),

(iv) 8(4 UB) =3(4 UB)=a(4 UB)Ua(B U4)U(a4 NaB).

Theorem 2.7 : The following are equivalent:

(i) aAUB)=84U2B,

(i) (@4NBYU(@BBNA)c a4 UB),

(iil) int(d N BY=A"UB", (24N B"YU(@BNA") a4 UB).

proof: The conditions (iit) and (1.4) imply 24 ca(4UB)since(dd - B")
and int (4 UR) are disjoint by (ii1).

Corollary 2.3: (A NBYJ(@ANB)S HAUB)iff A UB)=04U0B.

Proof: The proof following by (ii} of Theorem 2.1 and coroliary 2.2 and
Theorem 2.7.

Corollary 2.4: dA{1B)=34 8B and
int (A UBY=A"UB" imply a4 UB)=04sB
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Proof : The proof'is trivial.

Remark 3: The equality 9(4 UB)=04J88 dose not imply
HANB)=24Na3B . Just take the triadic relations in [0,1] as A and all the
triadic relations in the same interval as B for a counter example in R'.

Theorem 2.8: We have
() aANBY=84NaB iff ANB =4NB and AANB)N4" =3ANBINB"
(i) (64 NB)=004 N38B iff 3488 =intdB a4,

Proof: (1) is clear
(i1) Noting that
(34 OB ) < 804 iff intdd 3R < int(d4 NaB)
by (1.4) and applying corollary 2.1, and the result follows.

Theorem 2.9 : The following are equivalent:
(i) (84 UaB)=004Ud0B,

(ii) a4 Nint(84 UdB) = intdd and
9B (int(34 UdB ) = intdB.

(iii) 4 N3B Nint(34 LB ) = int(84 N3B),

(iv) 8(34 N8B ) =804 N8dBand int(84 U8B } = intd4 |int 3B,

(v) 8(84 N8B )=2884 N60B No(a4 UdB).

Proof: (i) <> (ii): Note that the condition (1) implies
34 Nin(84 UoB) ¢ intd4 and its dual one.

(ify > (iii): Necessity is clear. For the proof of sufficiency we nete that

one gets the following by using condition (iit).
a4 Nint(84 JoB) ) int(84 naB U((84 =3B )Y int(84 LJaB))

cintdd U{(intod UaB )~ 8B ) cintdA.
(iif) <« (iv): We note that the condition (iii} = (ii) = (i) implies
304 N8B < (34 UaB),
mtdd (108 =intdB (184,
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So the required implication follows by corollary 2.2 and Theorem 2.8 —ii
(iv)=>(v): clear by Corollary 2.2, since 004808 ¢ 8(a4 UaB) holds by (1v).
(v)= (i): By using (v) at the last inclusion the following:

204 N03B Nint(@4 U8B ) < 8(04 N8B YNint(B4 UaB)
c 8(34 UaB ) Nint(a4 UaB ) = 4,
004 (03B < 8(34 UdB),ie

one yields int(d4 UdB ) =int 04 Uint o8,

So all the sufficient conditions of Corollary 2.3 for being equality written
(1) hold are now satisfied after (v) and Corollary 2.1.

Remark 4 : Note the difference of Corollary 2.3 with the equivalency of
the conditions (i) and (ii) of Theorem 2.9.

Corollary 2.5: 94 188 =¢ implies

ANB =4N3B,

int(d UB)=4"UB",

2(84 U8B ) =004 UdaB,

84 UBYUdNB)=04UaB.

Proof : The first three equalities are easy to prove and so is omitted. Now
not that
(84 UBB) - (8(AUB)YUBANBY) = (84 UdB)N(int(A UB)-ANB)
always holds. The hypothesis makes the right side
(84 UdBYN (A" -BYU(B -~ A)=¢

Hence (1.5) gives the last equality
Theorem 2.10: 834 =84°Ud4

Proof: 934 =04 —int 04
= (84 NelA YU (BA Nl (X —4))
YR

Corollary 2.6 : If A is open or closed then 894 = a4
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Proof: This well known result is a direct and easy consequence of
Theorem 2.10. Let A be open. Then 394 = 64 oA = 84 ,sincedd < 84

and 84" ¢ 84 are derived by the same Theorem 2.10. This completes the
proof.
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