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Abstract : The purpose of the present note is to establish a lattice property and a corwergence pi
generalized dominated-convergence thecrem) of the extended map under hypotheses weaker than th

and expressible in terms of order alone. In particular, “normality” is replaced by a separation proper
weaker than the usual Hausdorff propetty.

i. INTRODUCTION

As Danicll showed {2]. it is possiblc to develop the theory of the Lebesgue integrat so asto
essential role to the order properties. Recently this approach has been extended [31soastop
theory of order-preserving maps which specializes to various integration process, spectral
tions. etc.

Asin Danicll’s theory, one begins with an clementary integral or mapping 1., defined ona ¢
of some lattice # (in Daniell’s case, a real function space) and mapping £ monotonically into a ]
ordered set (. One then extends the domain of definition of the mapping so that the extended
micgral) T possesses desirable propertics. Previous 1o introducing algebraic assumptions, |
standingly imporiant propertics of ! are lattice propertics and convergence properties. the latic
asseried in a generalized form of the Lebesgue dominated convergence theorem. The ma ppin
defined. it ts shown that algebraic propertics of the elementary mapping, such as additivity or Ii
are preserved in the extended mapping 1.

However, in [3] the fundamental convergence theorem departs in two respects from the P
thus sketched. First, the range-space G is assuined (o he an additive group. even though no al
propertics are postulated for the mapping 1. Thus one postulate of an algebraic nature intruc
theory otherwise free of algebra. Sccond. ¢ is assumed tobe “normal”. which essestially ask:
be isomorphic with a subnet of a real function space. This is sironger than the requirement
topologized in conformity with its order convergence. be a Hausdor(f space; also. it bringsini
number sysicm in addition 1o the partially ordered sets 7 and G

Definitions. As in [3], we shall develop a “countable™ and an “unrestricted” theory toge
the deviee of brackets: in definitions. theorems. elc.. aither all bracketed expressions are 10
cluded. or elsc all arc to be omitted.

IF G is partially ordered by an antisynmnetric relation . and $ < G.and b £ G then b 1S an uppe:
of Sifg e Sinples ¢ < b and b isthe sapremem VS of S iFit is an upperbound of S, and for even
bound b of S it is truc that ' » 5. Lower bounds and {he infimum A $ are defined dually.
The set G is Dedekind (g-) complete if for every non-emply [countable} subset § of G wi
deirected by » and has an upper bound. the supremun V 8 exists, and dually,

A function / whose dotain D, and range arc both partially ordered is isotone if for all XX, el

that X, <x.. it is true that /(x,) < AAx,). hiere we use < as the symbol for the partial orderings i
spaces. Itis anfitone if v« v imnlice fiv Y o dtae
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IfF isa distnbutive latticeand a. b. carcin F, onc defines mid{(a. b, c)tobe(av bl A (2 v C) A
Thisisthe sameas(a A by v {a A ¢y v (b A g)
IfF is a lattice under ». apartial ordering >> of F s a strengthening of » ifforall /. g. b kinF
{a} f>> gimplics /> g,
(b) />> gand g » kimplies />>k. and /> gand g >> k implies /> k.
(cyif f>>handg>>k.thenf v g>hv kandra g>>h A k.
Asequence (o v = 1.2, ...y ol points of a partially ordered set G is order-convergent toa |
of G if there exist subsets, P, Q of G with the following properties :
{a) Pisdircctedby ».and vP=a,.
(b) Qisdirected by c,and AQ=a,.
() Ifp e Pandq ¢ Q. theneventually (i.c., for all v greater than some v)
itistruethatp ca < q.
This definition extends at once to nets (a_ @ v ¢ N¥). ... we need only reinterpret “eventually” t
“foratl v . some v ¢ N*7. It extends snnilarly to syntaxes [4]. A syntax is a system (£R)in wi
a function and R is a filter-basc in the domain of £ (A filter-basc is a non-empty class of nonemy
dicrected downwards by inclusion. ) The definition of order-convergence can be applied also
taxes: we need only interpret “eventually™ to mean “for all v in a certain one ¥V of the class Ro

i, MAINRESULTS

The usnal method of topologizing a partially ordered space is equivalent o the following. A
V of a partially ordered set G is open if. and only if every syntax of points of G which conver;
pointof Fis eventually in 1. (It would make no difference ifwe would replace “syntax™ by “net”
definition.) A simple consequence is useful later.

Corollary 2.1 : If§, and S, are subsets of G directed by » and < respectively and having v S,
and ' 1s an open subsct of G containing v S, forsomeg ¢ S and g, ¢ S, the interval g,
contained it |

Proof : The closed intervals {{g,. g.] ' g, £ S,. g, ¢ S,} form a filter-base R. Let 1d be the i
function, | . the definition of order-cony crgencc take P = S Q=8 ;then (id. R) converges to v
since Vi opm it iseventually in F. That is_ forall vin some g, g»_] £ R the functional value i
is in I_ which was to be proved.

If we apply this to the scis, P, Q in the definition of convergence, we obtain a corcilary.

Corollary 2.2 : [f a svatax (/ R) converges to a point g in an open sct V. the values of feventual
a closed inferval contained in V.

The postulates involved in the definition of the extended map [3; 36] are the following.
Postulates. A [3}{o]

{a) Fis o [o] complete and infinitely distribute lattice under the partial ordering .

(b) >> is a strengthening of >.

(¢) GisaDedekind complete partially ordered set. such that for cach twoelements g,, g, of G, i
g, have an upper hound in G they also have a lower bound in G, and vice versa.

(d) /, is an isotone function whosc domain is a subset E of F and whose range is contained

(e} Forcach pair 5. 3, of [countable] subsets of E directed by >>, << respectively and havir



ON CONVERGENCE THEOREM

() Ife ande, arcinE./ (c,) and /e,y have & common upper or lower bound in G, there exist
cand cof Esuchthate <<e << ¢ i=1.27

(®)le . ¢. and e, arc in E. and | Jeyand I Je.} have a common upper or lower bow
then for every fin F such that £ >> midie . ¢..e bhercisane in E such that £>> e >> mid (¢
and duaily.

A U-clement is by definition an element u such that there exists a set S < E directed by
having v § = u: each sel is “associated ™ with u. If a set S associated with u has I (S) boundd
(. uis summabie, and tie image. orintegral. / (u) is defined to be Vi (8% L ~elcmcms and their
are defined dually. If £ is a U-clement or an L-element, { (f) is unique. and does not depen
particular set S associated with fused in defining / AN

ifrisin K iis lower intcgral 1/'is defined to be the superimum of £ (1) for all summable J.-¢
=7 and its upper nlegral I7 is defined 10 be the infimum of 7 () for all simmable U-clem
provided that such {/-cleients and £ -clements exist. If If = If. fis summable, and their common
denoted by i,

Several rather simple propertics of U-clements and L-clements are established in [3:37-47],
we shall need the foliowing,

Theorem A [2.37-47] : Lot it,. u.. be stummnable {-clements such tha L,(u)and/ (u)haveac

upper or lower bound in G. Hlen u, vy, is l-clement. and in the supremum of v £ forallsu
L-ciements f, Zu, and all summablcl vciemut!sf Suandif v (v 2y exists for such &, ¢, i
v ). L lkC\\lSL U, A, is g summable (-element, and is the supremuin of 1, A ¢, for the same
and VI ALy v, ~u) The duat also holds, [2: Theorems 10,5, i(),(), ‘).7.}

(i ifn,. . s an isotone sequence suinmable {-clements all < o sunmable [ -clement u”
u 1casmmnabicl -clement, and / v g=v] Suy

Under the hypotheses of (i). it was easy to see (hat if u, and u, are summable so i 1su; Au, But
further postulaies it cannot be shown ihat i, Vs summdble For convenience in smlmé, t
postulate we introduce a new symbol, IT A, B are subscts of a lattice F. by A [v] B weshalim
sct{a vb ae AandbeB). i1 Jbare familics of subscts of F. by I3[V} Jb we shall mean the co.
of sel (A fVIB 1 A e 7 and B £ Jb). We shall be concerned with filter-bases 13, Jb of [ -cicme
members of sets of mnd of Jb being 2 a fixed summable [ -clement *, If A £.17 andB £ Jb. by
sel A [V} B consists of summable £ -clements andJ3 EV] Jb is a filier-base whose sets co
summable L-clements = %% All such 7 -clements are in the domain of f.s0(i, A0, by and (U
by are all svntaxes of points of G, Qur postulate is as follows.

Postulate B : Lot /* be o summable L-clement. and let71. Ibbe {ilter-bases of sets of £ -clemnen
£* Let cach A £17and cach B € b be directed bath by Zand by <. Let the syrtaxes { I Ihand
be convergent (o points of G. Then (11, TV b is also converpent tna nnint af 03 Tha A b nlen
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This is the case in particular when the postulaies (12.1) of [3] hold. as follows at once from (12.¢

Lemma 2.2. If (1) and postutate B hold, and u, and v, are summable U-clements such that / .
{,(u,) have a common lower or upper bound thenu, V u, is a summable I/ -clement.

Proof : {i). u, A n is summable. so there is a summable L-clement /* < u.1=1,2 Each s
f.-clement f < i, detcnmncs asct A = {I"F a summable L-element, * V/ </ Su } Each A s
by = and by £, and the coliection ﬂof such sets A, is a filter-basc, Anafog,ously._ by using /
define sets B, and a filier-base Jb. Since 7 (w}= V {/(f}: ¢ asummable L-clement. 7 <u,}. thy
(). Dyconvergesto  (u ). Likewise (1,. Jb) converges to / (u,). By Postulate B (1 _IO{V] b} co
in G. Hence for some A € fand some B ... in Jh, there exists a closed interval in G which ¢
[, {, Vi,}for all sumumable L-elements /. /, suchthat /* V "</ su and * V{7 </, <u,. Butt
interval also contains the supremum of the set. which by (i)is 7, (w, Vu ). '

Thegrem 2.3, Let (i) and postulate B be satisfied. If {,. £, are summable. and If, and If, haveac
upper or lower bound, £, VI, and f, A £, are also samumable.

Proof : By Leimma 2.2 we can find a summable U-clement #* and a summable L-clement /* s
M sf<u* i=1 2 Given any suminable U-clement u 2 1, and any summabie U-element |
A }.u] consist of ali L-elements ¢ (necessarily summable) such that ¢V £ < #<u* Ak Thisisq
by €andby 2, and the collection Hof al such sets is a {ilter-base. Analoguously, by use of su
L-elements / < f and summable U-clements @t 2 f, we define sets B[-f, u] and a filter-bases Jb.
and [, are summable. it is casily seen that <1, U and (I, Jb) converge to If, and If, respecti
By Postulate B, <11, O}V Jb > converges to some g k G. By the definition of convergence. the
that there exits subsets P. Q of G such that P is directed by Zand has V P =g, Qis direcied b
has AQ=g. and for every p £ Pand q £ Qthe value of T (M) is in [p. qf forall A in some set A |
Bl 1. i1} of 70 [V] Jb. But this sct has a lcast member 1V PV ¥ which is g summable L-elemenis
Hencep ST(f. V£). On the other hand, the sct has a supremum V (1, V1, ¢, 1, summabie, /, Su
f,<u* au, and by (i) the value of I {£. V f,) for thisset have || ( fu,. A u*] Viu, Au*])assup
This is a smmnmable U-element 2 £, V1, whence 1 (f, V) £ q. Iffollows readily that I(F, VF ) ar
fyareboth equal to g. and f, V {, is summable. Dually, sois f, Af..

Remark. We have incidentally established that under the hypotheses of the Theorem. [ (f,
VI (e, Vi) e, £, summable L-clements. ¢ <f, ¢, S£.]

In order o cstablish our first convergence theorem we find it desirable to assume a weakened
the Hausdorff separation property in G.

Poswlate C 1 For cach pair a, b. of distinct points of G such that a <b, there exits disjoint ope
¥, which contain a and b respectively.



elements sucht that there exists a summable U-clement u which satisfies y = f.n=1,273
f,=lim _ . f.Thenf, issummable. and I(f)=tin_ , I(feo).

Proof : Since the I{f ) rise but do not wxceed I, (u). they approach a limit g, Since I (f) =1
cachn.

*) g, SUEYST(E)
It remains to establish

%y Hf)sg.
for then upper and lower ima;gr'iis of f willbothbeequaltog =limIf .
Suppose (**) false. By (*) and (posmlaic C) there exist disjoint open sets U, V such that g_1
i {f )€ V. The set U [= ] of all suinmable U-clement 2f contains u, and the infimum of I U]
i (f\) By (1.1). thereexistsu £ U [=f ] such that the mterval [1(L,).1, (w)] is contained in \/.
We shall now define recursively a sccjueuceof integersj . i,,........a scquencc of summable U-el
U, U, ... and a sequence of points g, g,. ... of the open set U having the following proper

(a) J, < I < i, <

(b) U, v £ S u < v k=23,
©) law) €U (k=1.2.....
(d) ljmo{)(uk Vi)=g, k=12 ..

We describe the process of passing from stage (k — 1) to stage k: the first step in like this exc
the symbol u, is to be replaced by /.

Sincelim _ , /(, V/)=g_ €U, thercexistsaj, > |, such thatif n 2j.fu V{)eU. Forsin
of notation we denote u,_ V £, by the syinbol @,. Since by Theorem 2.3 this is sunmable and I(:
by corollary 2.1 there cxists a summable U-clement i, such that for all. U-clements u satisfying
<1y, it is true that 7 (u) € U. We may suppose i <i

Give any summable L-clement /* @ and any summable U-clement u* such that @ S su”
a non-empty class L[ 7*, u*] of sunminable L-clements A such that I* <A, < u*. These sets form
base (*. and by the definition of the integral the syntax (/,, ¢ *) converges to (9

Define L . 1o be theunion of the sets L[SU, | V{ Jof Summable Lelement <u, VI n=1,23,
cach "L, let L. consistofall/eL ., suchthat /2" These scis L.(l'e Lw ) also constitute
base, whlch we catl Q. Sinceg, , =Vnl(u VI)=VI(L.)thesyntax, (/ ,- @) converges io
postalate A (/.. Q* [ V] Q] also converges to some point of G. Since each set L{/*. u*] [V] L,
filter-base contains the set L, A =1V 1* of the filter-base 0.1, 0)isa subsyntax of (/1, Q¥ [V
the two have the sane limit g, . By Corollary 2.2, there existsa set L[*, w*| in O* and a set L.in
that all the values of 7 (/, V /) with /€ L{¢*. u*] and / .EL, hie ina closed interval [y, 7,] containe
Since (/. U*)tends o () e U. we may suppose [(u*} £ U.

Forsomen.u  V/f 2/ solim_ , Hu* VI VE)2lu*V y2I(1* V) 2%,. Onthe othe
by the remark after Theorem 3.3, for all # such that [z wehave l(u* V)<V {Hu vy
summable L-clements. } Su* 1, < U, VEYSVU VL) eLI* u¥ 1, €L, } £, Hence limn_
Vi3 elY,. 1.} Ifwechoose u, tobe v* and g, tobe lim_i(x* V / ) we find that (a). (b). (¢). (d)
satisfied.
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Now consideru=V { w k=123 ) Thisisa & -ciement. and (b) implies f, Su Sy’ (k=
Hence u is 3 swimmable {-clement such that f<u<u’ whencel () is contained in the close
(). 1, ()], which is already known (o be contained in . Since by (i), Fay=Vi{/ @) k=1
follows that for att large k. / [u jisako in V. Buthy (¢}, 7 Au disalsoin U and Uand V are disjc
contradiction establishes the theorem.

From Postulate C it is casy to deduce a generalized form of the Lebesgue dominated-com
theorem. as foliows

Theorem 2.4 : Let postulates (A). (Byand (Cy hold. Let £/ f,. /. ... be sumunable clements
i< f= fn=123 . Ifiim__ ., / exists. it is summable. and fim,_ o fy=tm . 1),
By Postulate Cand its dual. the clements Q=Al n=kk+ L f=lm_ A ff. 0. . F
=Vif =k k+l i=lm |, VL F..J aresummable: the scquence 9, @, ... is isc
the sequence W, . ... is antitone, and both cenverge to lim £, so by postutate C this is su
Also. theset P= {( 0y k=12 . }tsdircctedby = and has suprenmmn /lim /) i G, and th
) k=12, Visdirccted by < and has mfimurm J(im f).andforn 2k wehave [() < uf,
so lim 1{f yis by definition /(lim ).

i
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