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Ahbhstract

Common fixed point and invariant approximation results are presented for
subcompatible maps, a class of noncommuting maps, recently introduced in
the literature. This work extends some well-known results, especially, those
of Hussain and Khan (2003), Hussain and Rhoades (2006), Sahab, Khan and

Sessa (1998} and Singh (1979).

1. Introduction and preliminaries

Let (F,7) be a Hausdorfl locally convex topological vector space. A
family {p, : o € I} of seminorms on E is said to be an associated family
of seminorms for 7 if the family {~+U/ : v > 0}, where U = My Us, and
Usy = {z @ po,(z) < 1}, forms a base of neighborhoods of zero for 7. A
family {po : @ € I} of seminorms defined on F is called an augmented
associated lamily for v if {p, : o € I} is an associated family with property
that the seminorm max {ps,ps} € {pa : @ € I} for any o, 5 € J. The
associated and augmented associated families of seminorms will be denoted
by A{7) and A*(7), respectively. It is well known that given a locally convex
space (£, 7), there always exists a family {p, : o € I'} of seminorms defined
on £ such that {p, : & € It = A*{r) (see [15]).

The following construction will be crucial. Suppose that M is 7-bounded
subset of F. For this set M we can select a number A\, > 0 for each o € T
such that M C AU, where U, = {z: pu(z) < 1}. Clearly, B = N A\, is
T-bounded, 7-closed absolutely convex and contains M. The linear span g

of B in E s U2, nB. The Minkowski functional of B is a norm | - [z on

Ep. Thus (Eg,||-ilg) is a normed space with B as its closed unit ball and
SUP, Pa(?/Aa) = ||z 5 for each z € Ep (see [15] and [22]).

Key words: fixed point, subcompatible maps, compatible maps, invariant approxima-

tion.
2000 Mathematics subject classification: 47H10, F4H25.



Let M be a subset of a locally convex space (F, 7). Let I : M — M be a
mapping. A mapping 7' M — M is called I-Lipschitz if there exists k > 0

such that
PolTx ~ Ty) < kpo(Iz — Iy)

for any z,y € M and for all p, € A*(7). If k < 1 (respectively, k = 1},
then 7" is called an I-contraction {respectively, J -nonexpansive). A point
x € M is a common fixed point of ] and 7' if z = Iz = Tx. The set of fixed
points of I is denoted by F(I). The pair {I,T} is called: {1} commuting if
Tlz=ITxforall z € M. (2) R-weakly commuting if for all x € M and for
all po € A™(7), there exists B > 0 such that p, (/T — Tlz)y < Rp,(Ix—Tx).
[f R ==1, then the maps are called weakly commuting. (3) compatible, if for
all po € A*(7), litny, po(TIz,, ~ IT2,) = § when {x,} is a sequence such that
lim, Tz, = lim, [z, =t for scme ¢ in M.

Suppose that M is g-starshaped with ¢ € F(J), we define 5,01, 1) =
ULS(,Th) 0 0 <k < 1} where Ty = {1—k)g+ kT2 and S(IL,T;) = {{z.} C
M limy, Try = limy, Tyo, =t € M = lim, PaldThzy — Tplz,) =0 }, for all
Pa € A*(7). Then / and T are called: (4) subcompatible if

imp,(ITx, —TIz,) =0

for all sequences {u,} € S,(I,T), (5) R-subcommuting on M, if for all
© & M and for all p, € A*(7), there exists a real number R > 0 such that .
pa(ITx — Tlz) < £p (1 - k)g + kTz) ~ Iz} foreach k € (0,1]. f R =1,
then the maps are called I-subcomrmuting; (6) R-subweakly commuting on
M, if for all & € M and for all p, € A*(7), there exists a real number B > 0
such that po(ITx - Tlx) < Rd, (Iz,|q, Tx]), where g, z) = {1~ k)g+ ke
0<k <1},

Note that subcompatible maps are compatible [1] but the converse does
not hold, in general. Recall that weakly commuting maps are compatible

but_converse fails to hold.
Hue B, M CE, then we define the set Py(u) of best M-approximants

to w as follows: .
Pr(w) ={y € M :p(y —u) = d,, (u, M), ¥p, € A*(7)},

where
dpg (10, M) = inf{p,(w — u) 1 x € M}.

A mapping T': M — M is called demiclosed at 0 if for every sequence {az,} €

M such that {z,} converges weakly to = and {T'z,.} converges strongly to 0,

we have Tz = 0.
In {4}, Fisher and Sessa obtained the following generalization of a theovem

of Gregus [5].



Theorem 1. Let T and I be two weakly commuting mapping of o closed
conver subset C' of a Banach spaces X into itself satisfying the inequality

[Tz —Tyll <alllz - Iyl + (1 —a) max{||Tx —~ Iz|, | Tz — Iz},

Jor all z,y € C, where a € (0,1). If I is linear and nenexrpansive on C and
T(C) CI{CY, then T and I hove a unigue common fized point in O,

in 1993, Jungck and Rhoades [11] obtained the following theorem.

Theorem 2. Let T and I be compatible self maps of C, o closed conves
subset of a Banach space X, sotisfying:

1Te = Tyl <ellle ~ Iyf + fmax{[| Tz — Iaf], |[Ty — Iy}
+ymax{|| Iz — Iy||, |Te — Iz)|, | Ty — fyll},
Jor all z,y € C, where v, 3,7 > 0 and o -+ B4vy=1. IfTI is linear and

continuous w C and T(C) C I(C), then T and I have a URIQUE common
fived point,

In this paper, we first prove that Theorems 1-2 can be extended to the
sctup of a Hausdorfl locally convex space. As application, common fixed
point and invariant approximation results for subcompatible maps are de-
rived.  Our results extend and unify the work of Baskaran and Subrahh-
manyam (2], Brosowski [3], Hussain and Khan [6], Jungck and Sessa [12],
Khan and Hussain [13], Pathak, Cho, and Kang {17], Sahab, Khan, and
Sessa [18], Shahzad [20] and Singh [21]. For recent results, on common fixed
point and approximations, we refere the reader to 8, 9,12, 13].

2. Main results

Lemma 1. Let T and I be compatible selfmops of a 7-bounded subset M of
a Hausdorff locally conver space (E,7). Then T and I are comnpatible on M
with respect to || - || 5.

Proof. By hypothesis, there is a sequence {z,} such that lim, 2ol Tz, —
ITz,) = 0 for each p, € A*(7), whenever limy o po(Tzy — 1) = ( =
Hmy, oo po(la, — ) for some ¢ € AL, Taking supremum on hoth sides, we get,
_ Tz, =TIz, 0
sup lim pa(—m—w)\&w—m) == Suppa(r)
£y a4

o T o

This implies that

_ ITe, —Tlz,
Hm sup p,( el

=20 o )\Q’

)=0



whenever,

lim sup pa(
=0T gy ’\a N-FOT gy Aa

Hence, limy, oo ([{Tz, — TIz,llp = 0, whenever lim, .. || Tz, — tlp =
0= limy 0o {[J 2 — t]|z a8 desired.

The next theorem generalizes Theorems 1-2.

Theorem 3. Let M be a nonempty T-bounded, r-complete, and conver subset
of o Hausdorff locally convex space (F,7) and T and I be compatible selfmaps
of M satisfying the inequality

Pa(Tx — Ty) Sopa{le — ly) -+ b max{pa(Tz — Iz}, pa(Ty ~ Iy)} (1)
+emax{pa(Iz —~ Iy), pa(T2 — Iz), po{Ty — Iy)},
Jorallx,y € M and for allp, € A*(7), where a,b,c > 0 and a+b+c = 1.
If 1 is linear and nonexpansive on M and T{M) C I{M), then T and I have
o unigue common fized point.

Proof. Since M is r-complete, it follows that (Eg, |- |lg) is a Banach space
and A iz complete in it. By Lemma 1, T and I are compatible with respect
to |l -]ip on M. From (1} we obtain for z,y € M,

Tz —"Ty Iz — Ty
SUPPa | < SUP Py | - 3

To— 1 Ty ~1
+ a max {SUppcx(mmTj)’Sprm(i)\——y)}

Iz~ Iy Tao — I Ty —1I
v ),Slippa( » _):S\ippcx(i)“\&_’g)}'

-+ b max {suppa(

Thus

[T = Tully Sallo = Iyl + bmax {|Ts = Lol [Ty =~ Lyl )
+ e {|Iz — Tyl | Te — Ielly, |7y - Iyl 5}

[ can be shown easily that [ is ||| ; —nonexpansive on M. A comparison
of our hypothesis with that of Theorem 2 tells that we can apply Theorem 2
to M as a subset of (Eg, ||-||5) to conclude that there exists a unique a € M
such that o = la = Ta, O

The following theorem generalizes Theorem 3 in 120] and corresponding
result in {8} to a more general class of functions.
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Theorem 4. Let T and I be selfmaps of a convex subset M of o Hausdorff
locally convex space (B, 7). Suppose that I is nonespansive and linear on M,
g € F(I) and T(M) C I{(M). Assume that the poir {I,T} is subcompaiible
and satisfies, for all po, € A*(7}, z,y € M, and for oll k € (0,1} with 0 <
ab<l,a+b=1

| Py "
Po(Tw — Ty) < po(Iz — Ty) + a(-~T) mnax {dpa(f% lg, Tz}}, d,, (Ty, [anyE)}

1—k . )
+ b(mwgw) max {dpcx(fxa [Q> [?”)) dpa(fgja [Q, Tmé)) d:ﬂu("'ry? [Q= Ty])}
(2)
Then I and T have a common fized point in M provided one of the following

conditions holds: _
(1) M is T-compact and T 1s continuous.

(1) M is weakly compact in (E, ), I is weakly continuous and I ~ T is
demiclosed at (.

Proof. Let {k,} be a sequence of real numbers such that 0 < k, < 1 and
lim, k, = 1. Define for each n € N, a mapping 7., : M — M by
Tolz) =k, Tx 4+ (1 — kg,

for some g and all z € M. Then for each n, T,,(M) C I(M), since [ is linear,
lg=gqand T(M) C I{M).

Since, the pair {1, T} is subcompatible, for any {z,,} C M with lim,, [z, =
limy, Tha, = € M, we have

lim po (1o ey — [Tozm) = ke m po{T Iz, — ITx,,)
= .
Thus, the pair {I,T,} is compatible on M for each n. We obtain from (2},

pa(ﬂtm ~ Toy} = knpa(Ts — Ty)
= knp&(fm o Iy) + a‘(l - kﬂ) max{pa(fm - Tnm): pa(fy - Tny)}
T (1~ ko) max{pa(lx — Iy), po(lz — Thx), pa(ly — Toy)}

for each z,y € M and for all p, € A*(7), 0 < k, < 1. Note that k, + a{l —
ko) 4 01 — k) = 1 for all n. :
(i} M being 7-compact is 7-bounded and 7-complete. Thus by Theorem 3,
for each n > 1, there exists an z,, € M such that z, = Iz, = T,,z,,. Now the
r-compactness of M ensures that {z,} has a convergent subsequence {z;}
which converges to a point xp € M. Since

g = Tyay = kTa; + (1 = k)

5 .



and T is continuous, so we have, ag 7 — oo, Txy = 2. The continuity of 7
implies that
Iz = I{limz;) — lim I{z;) = limz; = .
J ] ' J

(i) Weakly compact sets in (E, 7) are r-bounded and m-complete so again
by Theorem 3, T;, and [ have a common fixed point ¢, in A for each n. The
set M is weakly compact so there is a subsequence {z;} of {z,} converging
weakly to some y € M. The map [ being weakly continuous gives that Iy = y.

Now
w; = I{x;) = Ti(a;) = kTay + {0 = k)g

implies that Jo; =Tz, = (1—k;}lg—T2z;] — 0 as j — oo. The demiclosedness
of [ — T at 0 implies that (I — T)(y) = 0. Hence Ty = Ty = y.
O

As an application of Theorem 4, we establish the following result in best
approximation theory which extends and improves the corresponding results
in [2,3,6,12, 13, 14, 17, 18, 20, 21|

Theorem 5. Let T and I be selfmaps of a Hausdorff locally convex space
(E,7) and M a subset of E such that T{OM) C M, where OM denotes
boundary of M and w € F(TYnF(I). If Py () is nonempty convez, g € F{I),
I is nonezpansive and linear on Py{u) and 1{Py{u)) = Py{u). Suppose
that the posr {I,T} is subcompalible on Pu(u) and salisfies, for all z €
Pug{u)U{u}, po € A*() k€ (0,1),

L pellz —1Iu) if y=u, .
pelTa — Ty < { Az, y) if yve Pyl (3)

where

1—k

) max {d (12, lg, T21), dy, (73, [0, Tyl }

)t { dy, (1, 1g, 191}, dy, (5, 10, ToD), dy, (9,10, T)) b

Alz,y) =pallz — Iy} + af
1—k

v

+ b(

Then Pay(u) N F(TY N F{I) # 0, provided one of the following conditions
holds:

(1) Pyrlu) is T-compact end T is continuous.

(12) Pu(w) is weakly compact in (E, 7}, I is weakly continuous and I - T
is demiclosed at 0.

Proof. Let y € Py (u). Then Iy € Py(u), since I{Py{u)) = Pa(u). Further,
if y € OM then [y € M for T(OM) C M. Also since I'z € Py(u),u €
F(TynN F(I) and I and T satisty (3), we have

palTz ) =pa(Te —Tu) < p{Io— Iu) = p (o —u) = dp, {u, M},

6



for each p, € A*(7). Thus Tx € Py(u) which implies that 7" maps Pir{u)
into itself and the conclusion follows from Theorem 4. 0
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