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Abstract

The concepts of “weak/strong topological contraction” and a generalization of Banach contraction mappings called
“p-contraction” are introduced and used to prove fixed point theorems for self-mappings from a topological/metric space into
itself satisfying topological contraction/metric p-contraction, respectively. Certain non-linear integral equations defined on C[a, b]
satisfying generalized Lipschitzian conditions can easily be solved by applying these theorems. In the sequel, we shall study the
possibility of optimally controlling the solution of the ordinary differential equation via dynamic programming.
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1. Introduction

In this note, we provide one more affirmative answer to an open question of Rhoades [18, p. 242] of whether or
not there exists a contractive definition which is strong enough to generate a fixed point but which does not force the
map to be continuous at the fixed point. It may be observed that in most of the fixed point theorems in the literature
either continuity is explicitly assumed or, as shown by Rhoades [18] and Hicks and Rhoades [9], the contractive
definitions themselves imply continuity at the fixed point. However, an affirmative answer was given by Pathak et al.
in [16, Example 2.1].

The applications of fixed point theorems are very important in diverse disciplines of mathematics, statistics,
engineering and economics in dealing with problems arising in: approximation theory, potential theory, game theory,
mathematical economics, theory of differential equations, theory of integral equations, etc.

2. Preliminaries and definitions

Let (X, d) be a metric space and let T be a mapping of X into itself. An orbit of T at a point x of X is the set

0(x, T ) := {x, T x, . . . , T n x, . . .}.
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