Arc Length Math 102
Length of curves

Definition. If y =f (x) is a smooth curve on the interval [a,b], then the arc length L of this curve over

[a,b] is defined as
L :fb«/l—k(f’(x))z dx.

Moreover, for a curve expressed in form x € g(y) where g’ is continuous on [a,b] the arc length L from

y =c to y =d can be defined as
d
L= [ VI+E'0) d.

Example. Find the arc length of the curve y =x°? from (1,1) to (2.v2) ?

e 3, e 9
L —j; 1ll—k(lez)2 dx —j; 1+Zx dx
1 _ 1 322
_Ej; Va4 +ox dx —ﬁ(4+9x) ‘1
= (222 —13y7) = L (22v22 - 1313).

Example. Find the arc length of the curve y =In|secx | from x =0 to x =p /4 ?
Solution. y ¢=tanx , then

Solution. 7y ¢= %x "2 then

L :fM\/l—Halnx2 dx :fp/4secx dx
0 0

zln‘tanx +secx‘z/4 :ln|1+\/§|.
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Example. Find the arc length of the curve y =3x

Solution. Let x =(y +1)’° b Zx :i(y +1)"'?, then

'y
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R L
j;) 9(y +1)2/3 y

7
L :f uN4+9u> du :i\(4+9u2)3/2\2=7.63.
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-1, from x =1tox =4 ?

Let u = (y +1)*?, then

Problems. Find the arc length of the following curves:

1) y=3x*2-1 from x =0 to x =1

2)  y=x? from x =1 to x =8

3) y =In|sinx | from x =p/4 to x =p /2
4)  24xy =y*+48 from y =1to y =4

5) y =coshx —-1<x <1

6) y=e —8<x <=5

7y =x’+x 1<x <2
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