Chapter One
Limits 

 
In this chapter, we shall actually begin the study of calculus. In many applied problems, it is necessary to describe the behavior of a function 
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when its variable is near, but different from  
[image: image2.wmf]a

. This concept is called the limit of a function.
1.1. Limits and their properties .

We studied in the last chapter functions. In this chapter, we study the behavior of a function 
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when its variable is near, but different from    
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, that is, we find the limits of the function 
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when its variable 
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 approaches (close) to the number 
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Now, we study this example.
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We notice that the values of 
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 Example 1.2. Consider the function 
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	 Definition 1.1. A function 
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 has a limit  
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Example 1.2. Consider the function 
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Solution. The following table shows the values of 
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 The above table shows that the values of 
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	Definition 1.2. The limit from the right (right limit) means that the variable 
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approaches 
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from values greater than 
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The limit from the left (left limit) means that the variable 
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	Theorem 1.1.  If 
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Example 1.3. Find   
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Solution. The function 
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Example 1.4. Find  
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Example 1.5 . Find  
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Example 1.6. Find   
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Solution. We have  
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· Limit Laws. Let   
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 If n is even positive integer, then , we let 
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If n is even positive integer, then we let 
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	Theorem 1.2. If  
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Example 1.7 . Evaluate 
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Solution. By using the limits rules, we have
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Example 1.8 . Evaluate 
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Solution. By using the limits rules, we have
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Example 1.9 . Evaluate 
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Solution. By using the limits rules, we have
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Now, we give the methods of calculating the limit of a rational function if the limit of numerator and denominator will be zero when 
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approaches a real number 
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.

1. Factor the numenrator and denominator before you substitute  
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Example 1.10 . Evaluate  
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Solution. We factor the numerator 
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Example 1.11 . Evaluate  
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Solution. We factor the denominator and simplify to get
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2. Apply the division algorithm, and then simplify.
Example 1.12 . Evaluate  
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Solution. Divide the numerator on the denominator
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3. Apply the following Theorem.
	Theorem 1.3. 
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Example 1.13 . Evaluate 
[image: image203.wmf]1010

55

2

2

lim

2

x

x

x

®

-

-

 .  
Solution. 
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4. If the term in the numerator or the denominator contains a square root of a function, the we multiply the numerator and the denominator  by the conjugate.

Example 1.14 . Evaluate  
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Example 1.15 . Evaluate  
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Solution. The conjugate of   
[image: image210.wmf]2

x

-

 is 
[image: image211.wmf]2

x

+

. Hence, 


[image: image212.wmf]44

4

4

442

limlim()

222

(4)(2)

lim

(4)

lim(2)

42

22

4

xx

x

x

xxx

xxx

xx

x

x

®®

®

®

--+

=´

--+

-+

==

-

=+

=+

=+

=


5. Simplify the numerator and the denominator.

Example 1.16 . Evaluate  
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· Limits of  trigonometric functions .
Let 
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 Now, we give the following Theorems.
	 Theorem  1.3.  Let 
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	  Theorem  1.4.  (Sandwich Theorem) ( Squeeze  Theorem).

       Let  
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