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Defwiton

Suppose f(x) is defined when x is near the number a (this means that f is defined on
some open interval that contains a, except possibly at a itself.) then we write:

limf(x) =1L
xX—a
And say " the lwmit of f(x) os x approaches a, equals L"

An o\ternative notation for the lwits: f(x) » Lasx — a

ramarie

@ x — a doesn’t mean that x = a.

In fact a doesn’t have to be in the domain.
i.e. f(x) need not even be defined when x = a.
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We have

e ‘Fo\\ow'\vxs cases
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Owne - Sided Limit

lim f(x) = L is called left hand limit lim+f(x) = L is called right hand limit
xX—a

xX—a

or limit from the left. Here x is close or limit from the right. Here x is close to
to a and less than (x < a). a and greater than a. (x > a)
YA VA
-
f(x) L L fix)
0 X —> a T 0 a <~ x X
lim f(x) =L lim f(x) =L
x—a~ x—at

limf(x) =L < limf(x)= limf(x)
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i When do we have to s{'udy the Limit from the
\eft and from the v'\g\r\‘\‘?

@ \f we ave y\'udy‘wxg the Lt at the evxdpo‘wd‘

@ \f thhe defwinition of the function c‘r\avxge at a b
this powt. See examp\e 7.

\f lim f(x) or lim f(x) does not exist. (D.N.E).
x—-at x—-a~

Q
(F > When do we say thot \'wit does not exst?

\f both lwnits exast but lim f(x) = lim f(x)
x—at x—a~
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EXQMP\@S

lim+/x%—25 =

x—5%+ lirgn/x2 — 25
X—
limyx?% — 25 =
S li?gl_\/xz — 25 =
X—
limvx—2 =
x—-2t
@ limvx — 2 = limyx—2=
* limvx—2 =
xX—2"
I —3x
xirzn"r x—2

x=2X — 2 x-2X — 2
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EXQMP\@ 7

so\ution

The graph of a function g is shown in the following figure.
Use it to state the values (if they exist) of the following:

y4
4 -

3_

@ limg (x)
@ lim g(x) = _

Dr. Rola Asaad Hijazi

05/05/1441



|

— —

funt ,e:-L\Mf\"\'S;____' =

limf(x) = o means that the values of }Ciz)rollf(x) = —oo means that the values of

xX—a - . .

£ (x) can be made arbitrarily large by f (x) can be made arbitrarily large negative

taking x close to a, but not equal to a. by taking x sufficiently close to a, but not
equal to a.

Another notatiow

Another notation

f) > wasx—a f(x) > —oasx - a

VA

X—=d

alci—%f(x) -7 limf(x) = —oo
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If limf(x) = +o0, we can say that limit does not exist.
xX—a

The converse is not true.

limf(x) = +oo are called infinite limits.
xX—a
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EXO\W\P\@ ?

Find li‘mi if limit exists.

x—0 X?
So\uton
. . 1
Find ,lcll:'% (— ;)
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The vertical line x = a is called a vertical
asymptote of the curve y = f(x) if at least
one of the following statements is true:

limf (x) = o () lmf@ =, (&) limf(x) =

xX—a

)lcll:'}lf(X) = —00 @ xli?;lll_f(x) = —00, @ xliT+f(x) — —o

e 22

¥=\lcrtical asymptot

How fo find vertical asymptotes @ ) p(x) XYS
x) = —— _
q(x) 0
@ From the groph of %
x = 0,s a vertical asymptote. () Fund x such that g(x) = 0

y
(W) Substitute those x w p(x) and then
fwd W p(x) = 0 = x sn’t vertical

asymptote. And f p(x) = any number
# 0, then x \s a vertical asymp‘\'o'\'e.
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Exowvxp\e EXQW\P\@ 9

Find the vertical asymptote of
ymp Find lim 2—xand lim 2x

x2 — 4 p(x) x—3+tx-3 x—3— Xx—3

x24+x—-6  qx)

flx) =
So\uton

So\ution

YA

=Y
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Exqmp\e O

Find the vertical asymptotes of
f(x) =tanx.

So\uton

0,

14

VA

Find lim tanx =
tt
x—>E

lim tanx =
P

2

lim tanx =
TL'+
x->(2n+ 1)5

lim - tanx =
x—>(2n+1)§
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EXQMP\Q

Find the vertical asymptotes of f(x) = Inx f(x) = In(x —3)

So\ution

VA

y=Inx

f(x)=Inx-3

111111
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Exevcise 9

For the function fwhose graph is /ﬂ\ )/ﬁ \\
shown, state the following \ 7\ il \
\ pd \N_/ |\ Py N
@ lim, f (x) = \-7/ | |3 o \_~" 6 | x
" \// \
@ xlgIZBf (x) = \/ \

© o=
(8) lipreo=
©) jmfw =

@ The equations of the vertical asymptotes.

So\ution

16 Dr. Rola Asaad Hijazi 05/05/1441



Exevcise |2 Sketch the graph of the function and use it to
determine the value of a for which limf (x) exists
xX—a
1+ sinx ifx<O0
f(x) =1 cosx if0<x<m
sin x ifx>m
. 2
1+sinx
15
COS X .
4 sinx
211 =3m/2 -7 -mm/2 0 m/ 3/ 2 i 5m
-0.5
-1
1.5
limf(x) =
x—0
limf(x)
X—TT
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Exevcise 39 Exevcise Y4  Find the vertical asymptotes

Determine the wfinite L.

_ x*+1 P
lim xcscx Y = 3% — 2x2 Q(x)
X—2TT~
So\uton So\lution
lim xcscx =
X2~
lim xcscx =

x-2nt



Some functions have no vertical asymptote since their
domain is R such as: polynomials, sin x, cos x, e*.

+ 00

® ;-

@ Nevtical Asymp*o*es of

Tv'\gowow\eh‘\c Functions

tan x, sec x, have x = +

N

371
,i?,---

cot x, csc x have x = 0,+m, +2m, ...
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( 1
nis even [im——=
x-a (x —_ a)n

(. 1
= xzi?;!* (x —a)r =
nisodd A
I 1
im ——— = —00
\ \x—a” (x — a)t

EXQW\P\Q

_ 1
illg (x —3)4

xX—4 (x — 4)3 B
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