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(1.3) New functions from old functions 



In this section we start with the 
basic functions we discussed in 
Section 1.2 and obtain new 
functions by 

Shifting 

stretching 

reflecting 

We also show how to 
combine pairs functions by 
standard arithmetic 
operations + composition. ± ,× ,÷ , ° 
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1.3-TRANSFORMATINS OF FUNCTIONS 

Suppose 𝐷𝑓 = 𝑎, 𝑏  , 𝑅 = 𝑑, 𝑒 𝑎𝑛𝑑 𝑐 > 0. To obtain the graph of: 

𝑖 𝑔(𝑥) = 𝑓 𝑥 + 𝑐  𝑠ℎ𝑖𝑓𝑡 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥  𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑐 𝑢𝑛𝑖𝑡𝑠 𝒖𝒑𝒘𝒂𝒓𝒅. 

𝒈 𝒙 = 𝒙𝟐 + 𝟑 

𝒇 𝒙 = 𝒙𝟐 

  

𝒇 𝒙 = 𝒙𝟐 

𝐷𝑓 = ℝ 𝑅𝑓 = [0,∞) 

𝐷𝑔 = ℝ 

𝑅𝑔 = 𝑑 + 𝑐, 𝑒 + 𝑐 = _________ 

𝐷𝑔 = ________  ,   𝑅𝑔 = ____________ 

Vertical shift upward 

(A) VERTICAL SHIFT (UPWARD) 
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𝑖𝑖  𝑔 𝑥 = 𝑓 𝑥 − 𝑐  𝑠ℎ𝑖𝑓𝑡 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 
 𝑦 = 𝑓 𝑥  𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑐 𝑢𝑛𝑖𝑡𝑠 𝒅𝒐𝒘𝒏𝒘𝒂𝒓𝒅 
𝐷𝑔 = ____________,   𝑅𝑔 = ____________ 

𝐷𝑓 = ________ 𝑅𝑓 = ________ 

𝒇 𝒙 = 𝒙𝟐 

𝒈 𝒙 = 𝒙𝟐 − 𝟑 

𝒇 𝒙 = 𝒙𝟐 

𝐷𝑔 = ________ 

𝑅𝑔 = _____________ 

Shift downward 

(A) VERTICAL SHIFT (downward) 
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(B) HORIZONTAL SHIFT 

𝑖 𝑦 = 𝑓 𝑥 − 𝑐   𝑠ℎ𝑖𝑓𝑡 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦
= 𝑓 𝑥  𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑐 𝑢𝑛𝑖𝑡𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡. 

(𝑖𝑖)𝑦 = 𝑓 𝑥 + 𝑐   𝑠ℎ𝑖𝑓𝑡 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦
= 𝑓 𝑥  𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑐 𝑢𝑛𝑖𝑡𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑒𝑓𝑡 

𝒇(𝒙) = (𝒙 − 𝟑)𝟐 

𝐷𝑓 = ______ 𝐷𝑓 = _________ 𝑅𝑓 = ____________ 𝑅𝑓 = __________ 

  

 𝒇 𝒙 = (𝒙 + 𝟑)𝟐 
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VERTICAL AND HORIZONTAL 
REFLECTING 

Vertical reflecting 

𝑦 = −𝑓 𝑥   𝑟𝑒𝑓𝑙𝑒𝑐𝑡 𝑡ℎ𝑒 𝑔𝑟𝑎𝑔ℎ 𝑓 𝑥   
𝑎𝑏𝑜𝑢𝑡 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠   (𝑣𝑒𝑡𝑟𝑡𝑖𝑐𝑎𝑙) 

to obtain the gragh of: 

𝐷 = _______𝑅 = _______ 

𝑦 = 𝑓 −𝑥   𝑟𝑒𝑓𝑙𝑒𝑐𝑡 𝑡ℎ𝑒 𝑔𝑟𝑎𝑔ℎ 𝑓 𝑥   
𝑎𝑏𝑜𝑢𝑡 𝑡ℎ𝑒 𝑦 − 𝑎𝑥𝑖𝑠   (ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙) 

𝐷 = _______𝑅 = ________ 

𝑓 𝑥 = 𝑥 

= [0,∞) 

𝑅 = [0,∞) 

𝑓 𝑥 =  − 𝑥 𝑓 𝑥 =  −𝑥 

𝐷 =−−− − 

𝑅 =−−− − 
𝑅 =−−−− − 

𝐷 =−−−− − 
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Example 1 Sketch the graphs of the following : 

𝑦 =  𝑥 − 2 
𝑦 =  𝑥 − 2 

𝒙 − 𝟐 

𝒙 − 𝟐 

𝒙 
𝒙 

𝐷𝑓 =−−− −, 𝑅𝑓 =−−− − 𝐷𝑓 =−−− −, 𝑅𝑓 =−−− − 

Shift up or down ? 
Shift left or 
right ? 
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Example 2 Sketch the graph of 𝑥2 + 6𝑥 + 10. 

Add and Abstract (
1

2
6)2,  

we get  𝑓 𝑥 = (𝑥 + 3)2+1 

Shift 𝑥2  : ----------------- 
Shift (𝑥 + 3)2 : ----------------- 

(𝒙 + 𝟑)𝟐+𝟏 

(-3, 1 ) 𝑥2 
(𝒙 + 𝟑)𝟐 

𝐷 =−−−− − , 𝑅𝑎𝑛𝑔𝑒 =−−−−− − 
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Example 3(a) Sketch the graph of 𝑎 1 − sin (𝑥). 

Reflect  sin (𝑥)   ------------- 
Shift (−sin (𝑥)) : -------------------- 

−𝐬𝐢𝐧 (𝒙) 
𝐬𝐢𝐧 (𝒙) 

𝟏 − 𝐬𝐢𝐧 (𝒙) 

𝐷 =  ℝ ,  𝑅𝑎𝑛𝑔𝑒 =−−−− − 
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Example 3(b) Sketch the graph of  cos (𝑥) =  
cos 𝑥  𝑖𝑓 𝑐𝑜𝑠𝑥 ≥ 0

− cos 𝑥  𝑖𝑓 cos (𝑥) < 0
 

cos(x)<0, reflect about x-axis cos(x)<0, reflect about x-axis 

𝐜𝐨𝐬 (𝒙)  

𝐷𝑜𝑚𝑎𝑖𝑛 =−−−− −,  

𝑅𝑎𝑛𝑔𝑒 =−−−−− − 
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Example 3(c) Sketch the graph of cos (𝑥) + 3 

𝐜𝐨𝐬 (𝒙) + 𝟑 

𝐜𝐨𝐬 (𝒙)  

Shift cos (𝑥)  ------------------------ 

𝐷𝑜𝑚𝑎𝑖𝑛 =  ℝ ,  𝑅𝑎𝑛𝑔𝑒 =−−−−−− −]. 
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Example 3(d) 

𝐷𝑜𝑚𝑎𝑖𝑛 =  ℝ ,  𝑅𝑎𝑛𝑔𝑒 =−−−−− − 

Sketch the graph of 𝑑 cos( 𝑥 −
𝜋

2
  ) 

𝐜𝐨𝐬( 𝒙 ) 

𝐜𝐨𝐬( 𝒙 −
𝝅

𝟐
  ) 

-------------------------------------------- 
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Extra 
examples 

𝑦 = 𝑥  

𝒚 =−−−−− − 

𝒚 = ________________ 
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𝑦 = ln (𝑥) 

𝒚 =−−−−− − 

𝒚 =−−−− − 
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± ,× ,÷ , ° 
Combinations of Functions 

Two functions 𝑓 and  𝑔 can be combined to 
form new functions 𝑓 ± 𝑔, 𝑓𝑔 and 𝑓/𝑔 , 𝑓 ∘ 𝑔  
as follows: 

𝑓 ± 𝑔) (𝑥 = 𝑓 𝑥 ± 𝑔(𝑥) remark 

1 

If 𝐷𝑓 = 𝐴 , 𝐷𝑔 = 𝐵 then: 

𝐷𝑓+𝑔 = 𝐴 ∩ 𝐵 

2 

3 

𝐷𝑓⋅𝑔 = 𝐴 ∩ 𝐵 

𝐷𝑓∕𝑔 = 𝐴 ∩ 𝐵 − {𝑥: 𝑔 𝑥 = 0} 

𝑓 ⋅ 𝑔 𝑥 = 𝑓 𝑥  ⋅  𝑔(𝑥) 

𝑓

𝑔
𝑥 =

𝑓 𝑥

𝑔(𝑥)
 

1 

2 

3 

𝑓 ∘ 𝑔 𝑥 = (𝑓(𝑔 𝑥 ) 4 
𝐷𝑓 ∘𝑔= 𝐷𝑓∘𝑔 ∩ 𝐷𝑔  4 

𝐷𝑔 ∘𝑓= 𝐷𝑔∘𝑓 ∩ 𝐷𝑓  5 
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Example 7 

 Let 𝑓 𝑥 =  𝑥 , 𝑔 𝑥 =  2 − 𝑥.  
Find each function and its domain: 

a 𝑓 𝑥 + 𝑔 𝑥  

b 𝑓 𝑥

𝑔 𝑥
 = 

= c 𝑓 ∘ 𝑔 𝑥  

d 𝑔 ∘ 𝑓 𝑥 = 

e 𝑓 ∘ 𝑓 𝑥 = 

𝑔 ∘ 𝑔 𝑥 = f 
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Example 6 

if 𝑓 𝑥 = 𝑥2and 𝑔 𝑥 = 𝑥 − 3 . 
find 𝑓 ∘ 𝑔, 𝑔 ∘ 𝑓. 

Solution   

Example 

Don’t simplify the function 𝑓

𝑔
 

before calculating the domain. 

𝑓 𝑥 = 𝑥2 − 1, 𝑔 𝑥 = 𝑥 − 1 

Evaluate
𝑓

𝑔
𝑥 , 𝑎𝑛𝑑 𝑖𝑡𝑠 𝑑𝑜𝑚𝑎𝑖𝑛 

Solution   

In general 𝑥
2−1

𝑥−1
≠ 𝑥 + 1   
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Find 𝑓 ∘ 𝑔 ∘ ℎ of 𝑓 𝑥 = 𝑥/(𝑥 + 1), 
𝑔 𝑥 = 𝑥10 and ℎ 𝑥 = 𝑥 + 3  

Example 8 

Solution   

Example 9 

Given 𝐹 𝑥 = 𝑐𝑜𝑠2(𝑥 + 9) . 
Find 𝑓, 𝑔 and ℎ s.t.  𝑓 ∘ 𝑔 ∘ ℎ = 𝐹(2) 

Solution   
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Shift 3 units upward 

Exercise 

(1) Write the equation for the 
graphs that are obtained from the 
graph of 𝑓 as follows: 

a 

Shift 3 units downward b 

c 3 units to the right 

d 3 units to the left 

e Reflect about the 𝑥 − 𝑎𝑥𝑖𝑠   

f Reflect about the 𝑦 − 𝑎𝑥𝑖𝑠 
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Exercise (30) 

𝑓 𝑥 = 3 − 𝑥, 𝑔 𝑥 = 𝑥2 − 1 
Find 𝑓 ± 𝑔, 𝑓𝑔, 𝑓/𝑔 and their domains.  

Solution   

b 

b 𝑓

𝑔
𝑥 = 
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homework 
29 – 39 (odd) , 41, 47 
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