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In real measurements, the true value is not 

known, we estimate the parable error in the 

measurement using uncertainty

Uncertainty is very useful in 

reporting measured values

Uncertainty analysis : method used to 

quantify the 𝑢 ҧ𝑥 in the above equation

%)(       ' Puxx
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1-Introduction to errors and uncertainty
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1-Introduction to errors and uncertainty
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Levels of uncertainty

Design stage uncertainty

Advanced stage and/or single measurement 

uncertainty

Multiple measurement uncertainty
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2-Design stage uncertainty

resolution 
2

1
0 u1-Interpolation error
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Instrument 

Uncertainty

2-Instrument error

Using RSS (Root Sum Squares method)

Design stage 

uncertainty

Uncertainty before the measurement takes place
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Design stage uncertainty

Must consider the design stage uncertainty for the 

Instrument (or transducer) and the readout device
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2-Design stage uncertainty

In case you have a transducer and a read out device  you can find the design 

stage uncertainty for the transducer and the design stage uncertainty of the 

readout and then combining the two into one uncertainty 

2 2
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Combination of transducer and readout design stage uncertainty

Transducer 

Readout

Combined
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Example 5.2

Voltmeter and pressure transducer. Expected reading 3 psi

Pressure Transducer

Required: Design stage uncertainty, ud

Range  5psi

Sensitivity 1V/psi

Input power 10VDC

Linearity error 2.5 mv/psi (reading)  over range

Sensitivity error 2mV/psi (reading)  over range

Resolution : negligible

Transducer Readout

Voltmeter

Voltmeter (output device)

Resolution 10 V

Accuracy 0.001 % of reading
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Example 5.2 continue

For the transducer

PPcPd uuu 2

0

2 )()()( 

mVeeu Pc 61.9)3*2()3*5.2()( 222
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Instrument uncertainty (uc)P

Resolution uncertainty for the transducer

0)( 0 Pu

mVu Pd  61.9)( 
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For the output (Voltmeter) device

Vu E 5
2

10
)( 0 

VpsiVpsiu Ec   3010*)/ 1(3*
100

1
001.0)( 6 

Uncertainty for the output device

 mV 0.0304V 4.30305)()()( 2222

0  EcEEd uuu

Uncertainty for the combination of the transducer and the readout

mV 61.961.90304.0)()( 2222
 PdEdd uuu
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 mV 0.0304)( Edu

mV 61.961.903.0)()( 2222
 PdEdd uuu

Notice that essentially the overall design uncertainty is 

due to the transducer i.e. having a better (more accurate) 

voltmeter (output device) will not improve the design 

stage uncertainty

mVu Pd  61.9)( 
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3-Identifying error sources

❖Calibration errors

❖Data acquisition errors

❖Data reduction errors

Since the measurement involve three stages i,e. 

Calibration, data acquisition, and data reduction, then 

errors can be grouped into these three groups i.e.
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All types of errors can be grouped into:

Systematic (bias, B) error

Random (or precision, P) error)

Grouping of errors is not important

The important thing is how to treat all these errors and produce a 

final uncertainty value

3-Identifying error sources
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Systematic (bias) error

Each repeated measurement contain the same 

(fixed) amount of the systematic error. It can be 

either high or low B. It can be reduced by 

comparison method such as

1-Calibration

2-Concomitant methods

3-Interlaboraty comparison

4-Experience

Calibration errors can be reduced to very small value 

but it cannot be totally eliminated. 
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The systematic error is represented by a range 

such as ±𝑏

The systematic error at any level of 

confidence is ±𝑡𝑣,𝑃𝑏

For our calculation for 

probability 95%, the 

systematic uncertainty will 

be assumed to be given by

𝑏 = ±𝐵/2

Systematic (bias) error

Notice that as the 

degree of freedom 

goes to 

𝑡𝑣,𝑃 = 1.96

𝑡𝜈𝑃 ≈ 2.0

b is called systematic standard uncertainty 
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𝑡∝,𝑃 = 1.96

Or 

approximately 

=2
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Random (or precision) error)

Repeated measurements under same conditions 

results in variation of the variable. By using  

statistical analysis one could find the mean value 

and the region around the mean where x varies. 

Error can be only estimate with certain 

probability. The confidence interval for variable x 

is given by  

xPv st ,

Standard Random uncertainty 𝑠 ҧ𝑥

N

s
s x

x 
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4- Error Propagation

If we have an 

uncertainty in x

How it will be 

reflected on y

If y=y(x)
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4- Error propagation

Consider y=f(x)

Statistical analysis was done for x xPv stx ,

Required: propagation of error in y
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Using Taylor series 
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4- Error propagation

Extension to more than one variable function
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Using RSS (Root Sum Squares method)
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Example 5.3 on 

Error Propagation
y=KE. K=10.10 mm/V. E=5 V. uK=0.1 

mm/V, uE=0.01V at 95 % confidence

Required uy

KEy 

     2/122

EEKKy uuu  

E
K

y
K 




 K

E

y
E 






     (95%)   51.001.0*1.101.0*5
2/122

mmuy 

5.505*1.10  KEy (95%)  mm  51.05.50  yuy
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Error Propagation using Numerical Approach

Sequential Perturbation
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Example 5.3 y=KE. K=10.10 mm/V. E=5 V. uK=0.1 

mm/V, uE=0.01V at 95 % confidence

Required uy using Perturbation method

KEy 

i xi R+
i R-

i R+
i R-

i Ri

1 E 50.60 50.40 0.1 -0.1 0.1

2 K 51.00 50.00 0.5 -0.5 0.5

Ro=5*10.10=50.50 mm

oii RRR 




oii RRR 
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Let R=y
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25

5- Advanced stage uncertainty analysis

Zero order uncertainty

First order uncertainty

…….

……..

Nth order uncertainty

Not only design stage uncertainty but additional 

factors such as procedural and test control errors

Orders of advanced stage uncertainty
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Zero order uncertainty

All variables are fixed except the physical 

act of observation. Only resolution 

(interpolation) error is considered. i.e. uo

Zero order uncertainty is not adequate 

for reporting of test results  

5- Advanced stage uncertainty analysis



27

First order uncertainty

The effect of time as an extraneous variable is 

considered. i.e. taking N measurements of the 

variable with time

(95%)            95,1 xv stu 

The uncertainty u1 is including resolution 

effect  into consideration

At each successive order of uncertainty other 

factors are considered 

5- Advanced stage uncertainty analysis

First order uncertainty is not adequate for reporting of test results  
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Nth order uncertainty

Instruments uncertainty uc entered into the 

scheme

2/1
1

22
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Uncertainty estimate at the Nth order allow 

for the direct comparison between results of 

similar tests obtained either using different 

instrument or different test facilities.

5- Advanced stage uncertainty analysis
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Uncertainty orders

  2/1
2

2

2

1

2
.... uuuu cN

Advanced stage

or single measurement 

uncertainty
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Multiple measurement uncertainty analysis

Sufficient repetitions must be present in measured data

Procedure to estimate uncertainty

1-Identify elemental errors

2-Estimate the magnitude of the systematic and random error

3-Calculate the uncertainty (expanded) for the result

For set of measurements

Professional way to calculate uncertainty (similar to NIST)

NIST=National Institute of Standard and Technology 

https://www.nist.gov
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Degree of freedom
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Multiple measurement uncertainty analysis

For each elementary error you have the systematic and 

random uncertainty i.e. 𝑏 ҧ𝑥 𝑎𝑛𝑑 𝑠 ҧ𝑥 .

Combine systematic uncertainty 

Combine random 

uncertainty 

95% probabilityExpanded 

uncertainty
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Multiple measurement uncertainty analysis

Procedure:
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Example 5.12

(𝑏ഥ𝜎)1=0.5 N/cm2

𝑠ഥ𝜎 1 =4.6 N/cm2

v1=14

(𝑏ഥ𝜎)2=1.05 N/cm2

𝑠ഥ𝜎 2=10.3 N/cm2

v2=37

((𝑏ഥ𝜎)3=0 N/cm2

𝑠ഥ𝜎 3=1.2 N/cm2

v3=8

  22/12

3

2

2

2

1 / 3.11)()()( cmNssss  

  22/12

2

2

2

2

1 / 16.1)()()( cmNbbbb  

    22/1222/122 / 7.223.113.222 cmNsbu  

2/  7.224.223' cmNBest estimate 

of stress

295,49 t

2/ 4.223 cmN
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Stress  uncertainty due random and systemic errors

From Table 4.4
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Propagation of uncertainty to the results using the concept 

of grouping the errors into systematic and random errors
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Example 5.13

Find density uncertainty?

Assume Ideal gas. Given pressure and temperature measurement. 

R=54.7 ft-lbf/lbm.R. Instrument pressure uncertainty is 1% of reading. 

Instrument temperature uncertainty is 0.6 R 

psfapsfapN pP 21.167s       91.2253     20 

RsRTN TT 0.3        4.560         10 

RT

P


0)(s     11.282/5.2253*01.0)/2(B)( 1pp1 pb 0)(     4.37
20

21.167
)( 22/12  pp bs

Pressure

Temperature

0)(s         3.02/)()( 1T11  RBb TT
0)(b     9.0

10

3
)( 2T2/12  Rs

T

    4.374.370       28.11028.11
2/1222/122  pp sb     9.09.00s       3.003.0

2/1222/122  TTb

𝜌′ = 𝜌 ± 𝑢𝜌
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3/  0026.0074.0' ftlbm

𝑡𝑣,𝑃 = 𝑡23,95 = 2.06
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Sections 5.9 & 5.10 are excluded.
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