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@ ( )yzP̂ / x= ∂ ∂

( )xzQ̂ / y= ∂ ∂
@ @ @HR@M@QI

2

xz yz

ˆ ˆP.Q = 
x y x y
∂ ∂ ∂⎛ ⎞⎛ ⎞

=⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠⎝ ⎠
P̂ Q̂ @ @Êhœ
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Êhœ@HQ@M@RI@ÂÌãq˚‡‹€@Új‰€bi@È„hœ@Ÿ€à@Û‹«Î@L̋ rfl

P̂.Q̂ = Q̂.P̂ @ @ @HR@M@RI

Êg@sÓy

xyyx

22

∂∂
∂

=
∂∂

∂ @ @ @HS@M@RI

@fiÜbjnæa@Û‡mÎ@H P̂.Q̂  Q̂.P̂ − I@ÚÓ‡ÿ€aÎ@NÚflb«@oÓ€Î@ÚñbÇ@Ú€by@ÔÁÎ

@Ê¸ÜbjnÌ@ Q̂ ,P̂ @Êb◊@aàgÎ@{ Q̂ ,P̂ }@flã€bi@b@flãÌÎ@ Q̂ ,P̂ @ÂÌãq˚‡‹€@HcommutatorI

Naã–ñ@ÙÎbm@{ Q̂ ,P̂ }@Êhœ@»j€a@b‡Ëõ»i@…fl

QMR@fibrfl

d ˆB̂=    ,   A=3
dx

@ÂÌãq˚‡‹€@›Ìájn€a@›flb»fl@kya

›®a

@ÒäÏó€bi@ Â , B̂ @ÂÌãq˚‡‹€@›Ìájn€a@›flb»fl@Â«@j»n€a@Âÿ∫

ÂB̂B̂Â]B̂,Â[ −=

Êhœ@L Â , B̂ @Âfl@›◊@Â«@j»n€a@aâÁ@¿@ÌÏ»n€biÎ
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@

d d d d d dˆ ˆ[3, ]=3 - 3 = 0 [3, ]=3 - 3 = 0
dx dx dx dx dx dx

∧

@b‡ËÓ‹«@’j‰Ì@È„hœ@ã–ó€a@ÎbÌ@ÂÌãq˚æa@ÂÌâ@›Ìájn€a@›flb»fl@Êg@sÓyÎ

Nbflb∏@‚b”ä˛b◊@›Ìájn€a@ÊÏ„b”

RMR@fibrfl

@|öÎ@·q@ÂflÎ@ 2 dˆB̂ x ,A = 
dx

= @ÂÌãq˚‡‹€@ ˆ ˆ[A,B]›Ìájn€a@›flb»fl@kya

N›Ìájn€a@ÊÏ„b”@Êb‘‘±b„b◊@aàg@bfl

›®a

@b‡Ë‹»u @« @b‡ËÓ‹« @ ˆ ˆ ˆˆ ˆ ˆ[A,B] A.B B.A= − @Z›Ìájn€a @ÊÏ„b” @b‰‘j† @bfl @aàg

ZÛ‹«@›óÆ@b‰„hœ@x@›rfl@HxI@Ãnæa@¿@Ú€aÜ@Û‹«@Ê˝‡»Ì
2 2 2 2dx dxˆ ˆˆ ˆA.B .x 3x ,B.A. = x x

dx dx
= = =

2 2ˆ ˆˆ ˆA.B B.A 3x x 0∴ − = − ≠

@ÊÏ„b”@b‡ËÓ‹«@’j‰Ì@ @̧aâ‹œ@Lã–ó€a@ÎbÌ@ @̧aâÁ@fiájna@›flb»fl@Êg@sÓyÎ

@N›Ìájn€a

@NHcomplexI@Òá‘»fl@Îc@HrealI@ÚÓ‘Ó‘y@ÚÓöbÌã€a@paãq˚æa@ÊÏÿm@Êc@Âÿ‡æa@ÂflÎ

@ã»n„@“ÏÎ@N 1− @ÚÓ‹ÓÉn€a@ÚÓ‡ÿ€a@Û‹«@ÙÏn•@€a@Ÿ‹m@ÔÁ@Òá‘»æa@paãq˚æaÎ

@b‰„hœ@lbnÿ€a@aâÁ@¿@b‰naäÜ@fi˝ÇÎ@Ná»i@b‡Óœ@Òá‘»æa@fiaÎá€aÎ@‚b”ä˛a@òˆbó©

@Û‹« @’‹ÌÎ @NHlinear operatorsI@paãq˚æa @Âfl @Ô©a@Ï‰€a @¡‘œ @›‡»n„ @“Ï

Ô€bn€a@j»n€a@’‘y@aàg@b‡Óœ@ÛÇ@ãq˚fl@ P̂ @ãq˚æa

1 2 1 2
ˆ ˆ ˆP(c f c g) c Pf c Pg+ = + @ @HT@M@RI

Îc
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1 2 1 2 1 2 1 2
d df dg(c f c g) c c , (c f (x) c g(x)dx c f (x)dx c g(x)dx

dx dx dx
+ = + ∫ + = ∫ + ∫ @HU@M@RI

@›rfl@ÚÓ‹öb–n€a@paãq˚æa@Êhœ@Ÿ€à@Û‹«Î@LÊbnibq@Êaäaá‘fl@b‡Á@ 1 2c ,c @sÓy

@›‡»Ì@€a@Ú€aá€aÎ@ãqÏæa@Ê @̨aãƒ„@LÚÓÇ@paãq˚fl@ÔÁ@ ( )∫ ›rfl@ÚÓ‹flbÿn€a@Îc@ d( )
dx

ãq˚æa@bflc@NbÓöbÌä@ÊbmÜá´@ÚvÓn‰€aÎ@ÚÓ‹‡»€a@ÊÏÿm@Êc@k∞@c@LÊb‘ibnfl@bËÓ‹«
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c f (x) c g(x) c f (x) c g (x) 2c,c f (x)g(x)
c f (x) c g(x)

+ = + =

≠ +
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2

2
2

d3x
dx
@HcI

›®a

@ÚÓ‹‡»€a @o„b◊ @Êg @aâ€ @ 1 2c f (x) c g(x)+ @ZÚ€aá€a @¿ @paãq˚æa @ÍâÁ @›‡»„
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d d d3x c f (x) c g(x) c 3x f (x) c 3x g(x)
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+ = +

1 2
ˆ ˆc Af(x) + c Ag(x)=

ÔÇ@ãq˚fl@ÏÁ@
2

2
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d3x
dx
@ãq˚æa@Êhœ@L’‘•@á”@HTMRI@¬ãì€a@Êc@bæb†

c1f (x) + c2g(x) = c1
2 f2 (X ) + c2g2 (x)HlI

1Âf1 2
ˆc Af (x) c≠ + g(x)

NÔÇ@À@ÏÁ@H I@ãí˚æa@Êhœ@aâ€Î@LHT@M@RI@¬ãì€a@’‘znÌ@
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c1f (x) + c2g(x)
6 @# dx = c1 f (x) dx + c2 g(x) dx## @HxI

1 2
ˆ ˆc Af(x) = c Ag(x)=

NÔÇ@ÏÁ@ãq˚æa@Êhœ@L’‘znÌ@á”@HTMRI@¬ãì€a@Êc@b∑

exp c1f (x) + c2g(x)
6 @

= expc1f (x) + expc2g(x)
! c1 expf (x) + c2 expg(x)
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NÔÇ@À@HexpI@ãq˚æa@Êhœ@L’‘znÌ@@HTMRI@¬ãì€a@Êc@bæb†
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.Hgradient of f I@Hf I@Ú€aá€a@›Ófl@Û‡m@H∆ f I@Êhœ@NÚ€aÜ@ÔÁ

TMR@fibrfl

@f ]@x2@K@y2@K@z2@Ú€aá€a@›Ófl@kya

›®a

2 2 2x y zf i j k
x y z

∂ ∂ ∂
∇ = + +

∂ ∂ ∂

∆f  = 2xi + 2yj + 2zk
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∂
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Eigenvalue Equations
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@Ú€Üb»æa@ÍâÁ@ 9 3= @Z̋ r‡œ@NÚÓöbÌã€a@ÚÓ‹‡»€a@ÍâÁ@ÚvÓn„@ÏËœ@Â∫˛a@“ã€a
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ZÚÓma@Ú€Üb»æa@¿@›ræbiÎ@N3@ÔÁ@ÚvÓn‰€a

@
d sin ax a cos ax

dx
= @ @HX@M@RI

@Â∫˛a@“ã€a@bflc@sin ax@Ú€aá€aÎ@Hd/dxI@ãq˚æa@Û‹«@Ïn±@ãÌ˛a@“ã€bœ

@·bi@ÚœÎã»æa@ÚÓöbÌã€a@p¸Üb»æa@Âfl@μ»fl@Ï„@⁄b‰ÁÎ@NÚÓöbÌã€a@ÚÓ‹‡»€a@ÚvÓn„@ÏËœ

@Âfl@Ï‰€a@aâ@‚b»€a@›ÿì€aÎ@Heigenvalue equationI@ÚÓmaâ€a@Ú‡Ó‘€a@p¸Üb»fl

@ÏÁ@p¸Üb»æa

P̂ f (x) = P f (x) @ @ @HY@M@RI

@Ú‡Ó‘€a@P@Û‹«@’‹ÌÎ@Nx@Ãnæa@¿@ÚÓöbÌä@Ú€aÜ@f(x)@Î@ÔöbÌä@ãq˚fl@ÏÁ@ P̂ @sÓy
@Ú€aá€a@·a@Ú€b®a@ÍâÁ@¿@f(x)@Ú€aá€a@Û‹«@’‹Ì@μy@¿@LHeigenvalueI@ÚÓmaâ€a

@aäÎÜ@k»‹Ì@ÚÓöbÌã€a@p¸Üb»æa@Âfl@Ï‰€a@aâÁÎ@N P̂ ãq˚‡‹€@HeigenfunctionI@ÚÓmaâ€a

@ÚÌãƒ„@’Ójm@¿@Ôb˛a@ÔöbÌã€a@ık»€a@Êhœ@Ú‘Ó‘®a@¿Î@L·ÿ€a@ÚÌãƒ„@¿@bÓÓˆä

Np¸Üb»æa@ÍâÁ@›y@¿@ÏÁ@·ÿ€a

UMR@fibrfl

_Ú€aá€a@Íâ@ÚÓmaâ€a@Ú‡Ó‘€a@ÔÁ@bfl@N P̂]d2/dx2@ãq˚‡‹€@ÚÓmaâ€a@Ú€aá€a@áuÎc

›®a

@Ú€Üb»æa@’Ó‘•@áÌã„@b‰„hœ@Ú€b®a@ÍâÁ@¿

@

2

2

d f (x) Pf (x)
dx

=
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@Òãfl@ãËƒm@Êbmãfl@bË‹öb–m@·nÌ@bflá‰«@€a@f(x)@Ú€aá€a@Â«@szj„@b‰„c@c

@bË‰fl@LÒáÌá«@Ÿ€à@’‘•@€a@fiaÎá€aÎ@NP@oibr€a@¿@ÚiÎãõfl@ÓÃm@Û„Üc@ÊÎái@ÙãÇc

@̋ r‡œ@NbÁÀÎ@sin ax , eiax , cos ax@fiaÎÜ
2

2

d (sin ax) d / dx(d / dx sin ax)
dx

=

= d/dx (a cos ax) = – a2 sin ax

@ÚÓmaà@Ú€aÜ@ÔÁ@ sin ax @Ú€aá€a@Êhœ@’‘•@á”@ P̂f(x) = Pf(x) ¬ãì€a@Êc@bæbœ

N–a2@ÔÁ@Ú€b®a@ÍâÁ@¿@Ú€aá‹€@ÚÓmaâ€a@Ú‡Ó‘€a@Êhœ@Ÿ€à@Û‹«Î@
2

2

d
dx
@ãq˚‡‹€

VMR@fibrfl

@bËn‡Ó”@ÔÁ@bflÎ@ dP̂ = 
dx
@ãq˚‡‹€@ÚÓmaà@Ú€aÜ@ÔÁ@ f sinax=⎡ ⎤⎣ ⎦ @Ú€aá€a@›Á

_ÚÓmaâ€a

›®a

@Û‹« @ d
dx
ãq˚æa @fib‡«hi @Ÿ€àÎ P̂f(x) = Pf(x) ¬ãì€a @’‘• @Â« @szj„

Hsin axI@Ú€aá€a

df (x d(sin ax)Pf (x) : a cos a
dx ax

= =
df (x Pf (x)
dx

≠
(x

NÚÓmaà@Ú‡Ó”@b@Ó‹œ@·q@ÂflÎ@ d
dx
ãq˚‡‹€@ÚÓmaà@Ú€Ü@oÓ€@f =sin ax@

WMR@fibrfl

@Êc@sÓy@H P̂ I@⁄ãzn€a @ÚÓ‡◊@ãq˚æ@ÚÓmaà@Ú€aÜ@ÔÁ@ ikxe Ú€aá€a @›Á@…öÎ

@_@ÚÓmaâ€a@Ú‡Ó‘€a@ÔÁ@bfl@Ÿ€â◊@Ÿ€à@Êb◊@aàgÎ@ dP̂ it
dx

⎡ ⎤= −⎢ ⎥⎣ ⎦
&
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›®a

I@ãq˚æa@fib‡«hi@ P̂f(x) = Pf(x) Ú€aá€a@Û‹«@¬ãì€a@’‘•@Â«@szj„
Z ikxe Ú€aá€a@Û‹«@H P̂

ikx ikx ikxdP̂e it e te Pf (x)
dx

= − = =& &

@ dit
dx

⎛ ⎞−⎜ ⎟
⎝ ⎠

@ãq˚‡‹€@ÚÓmaà@Ú€aÜ@ÔÁ@ ikxe Ú€aá€a@Êhœ@Í˝«c@¬ãì€a@’‘•@bæb†

NH&I@Îbm@ÚÓmaâ€a@bËn‡Ó”@Êhœ@·q@ÂflÎ

Functions Symmetry and Integrals@

@Ú€aá€a@̋ r‡œ@bÓuÎå@Îc@bÌÜãœ@bË‹qb∏@ÊÏÿÌ@Êc@Âÿ∫@bflÏ‡«@ÚÓöbÌã€a@fiaÎá€a

@¬ãì€a@o‘‘y@aàg@ÚÓuÎå@Ú€aÜ@Û‡m@f (x)

 f (x) =  f (–x) @ @ @HQP@M@RI

@¬ãì€a@o‘‘y@aàg@ÚÌÜãœ@Ú€aÜ@Û‡mÎ

 f (x) = – f (–x) @ @ @HQQ@M@RI

@ÀÎ@Ú‹qb‡nfl@ÊÏÿm@Êc@Âÿ∫@€a@ÚÓuÏæa@fiÎá‹€@›qb‡n€a@ÚÓñbÇ@|ÓöÏm@Âÿ∫

@ëbÿ»„a@Â«@Òäbj«@ÔÁ@€aÎ@L (x -x)→ ÚÓ‹‡»‹€@…ibnn€bi@ÚÌÜãœÎ@ÚÓuÎå@Îc@Ú‹qb‡nfl

ZÍb„Üc@HRMQI@›ÿì€a@¿@b‡◊@L x = 0 @¡Ç@«

@ÚÌÜãœ@Ú€aÜ@HlI@@@@@@@@@@@@@@@@@@@@ÚÓuÎå@Ú€aÜ@HcI@

N[ ]y(x) y( x)= − − @ÚÌÜã–€a@Ú€aá€aÎ@[ ]y(x)=y(-x) @ÚÓuÎ€a@Ú€aá€a@|öÏÌ@NHQMRI@›ÿì€a
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@ÚÌÜã–€a @Ú€aá€aÎ @[ ]y(x)=y(-x) @ÚÓuÎ€a @Ú€aá€a @|öÏÌ @HRMQI @›ÿì€a

@̋ r‡œ@Lãq˚æa@›qb∏@Âfl@wn‰m@ÚÓuÏæa@fiaÎá€a@›qb∏@ÚÓñbÇ@Êg@L[ ]y(x) y( x)= − −

ZÊb◊@aàg

n nP̂(x) (x) En (x)ψ = ψ

@Êhœ@aâ€Î@ (x -x)→ @Ô»Ì@ x = 0 @¡Ç@«@ëbÿ»„¸a@Êhœ

(n) nP̂(-x) ( x) En ( x)ψ − = ψ −

@ZÊhœ@·q@ÂflÎ@›qb‡nfl@ÏËœ@aâ€Î@L ˆ ˆP(x)=P(-x) @Êc@c

n nP̂(x) ( x) En ( x)ψ − = ψ −

@Ú‡Ó‘€a @–„ @bËÌá€Î @ P̂(x) ãq˚‡‹€ @ÚÓmaà @Ú€aÜ @b õÌc @ÔÁ @ n ( x)ψ − Êc @Ùã‰€

NÚ‹qb‡nfl@Ú€aÜ@ÔÁ n (x)ψ Êhœ@aâ€Î@H nE I@ÚÓmaâ€a

@NÚÓuÎå@Ú€aÜ@y = x2@Ú€aá€a@Êc@μy@¿@LÚÌÜãœ@Ú€aÜ@y = x@Ú€aá€a@Êhœ@Ÿ€à@Û‹«Î

@Êhœ@H̋ rflI@μn€aÜ@Ú‡”@xäbÇ@Îc@lãö@›ñby@Âfl@Ú„Ïÿfl@fiaÎÜ@…fl@›flb»n€a@á‰«Î

@ZÔÁ@wmb‰€a@›qb∏@áÌázn€@Úflb»€a@á«aÏ‘€a

ÔuÎå@]@Üãœ@F@Üãœ @ @HQR@M@RI

@Üãœ@]@ÔuÎå@F@Üãœ @ @ @

@Üãœ@]@Üãœ@F@ÔuÎå @ @ @

ÔuÎå@]@ÔuÎå@F@ÔuÎå @ @ @

@Ú€aá€a@›r∏@H1+I@sÓy@H1–IÎ@H1+I@‚aáÉnbi@lãõ€a@á«aÏ”@–„@ÔÁÎ

@NÚ‡‘€a @xäbÇ @Û‹« @á«aÏ‘€a @ÍâÁ @’j‰mÎ @NÚÌÜã–€a @Ú€aá€a @›r∏ @H1–IÎ @ÚÓuÎ€a

@¿@ã»n„@“Ï@b‰„c@ÏÁ@fiaÎá€a@›qb∏@Âfl@‚á‘m@bfl@b‰öaã»n¸@ÔÓˆã€a@kj€aÎ

@b‰nœã»fl@Üãv∑@b@Ú‡Ó”@Üb∞g@Âÿ∫@€a@p˝flbÿn€a@Âfl@Ú«Ï‡™@∂g@b‰Á@b‰naäÜ

ZÔ€bn€a@›flbÿn€a@œa@Ÿ€à@|ÓöÏn€Î@LÚfláÉnæa@fiaÎá€a@›qb‡ni
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@
l

l

Y sinxdx
+

−

= ∫ @ @ @Hc@MQSMRI

ZÔmb◊@È‹y@Âÿ∫@È„hœ@›flbÿn€a@aâ@ÚÌÜá»€a@Ú‡Ó‘€a@μÓ»n€Î

l

l
Y cosx cos( l)  cos( 1) 0

+

−
= − = − + − − =

@Êc@Âÿ∫@b‰„hœ@Lbfl@Û‰z‰fl@o•@Úybfl@È„c@Û‹«@›flbÿn€a@∂g@b„ãƒ„@aàg@bflc

Zμ‡”@∂g@Hc@MQSMRI@›flbÿn€a@·‘„
0 l

l 0

Y sinxdx sinxdx
+

−

= +∫ ∫ @ @ @Hl@MRMQSI

@¿@Ô„br€a@ıßa@ÎbÌ@fiÎ˛a@ıßa@Êhœ@LHxI@¿@ÚÌÜãœ@Ú€aÜ@ÔÁ@Hsin xI@Êg@sÓyÎ

@Òá«b”@ò‹Én„@b‰Á@ÂflÎ@NY = 0@Êhœ@Ÿ€à@Û‹«Î@LÒäbía@¿@È‰«@—‹n≤Î@äaá‘æa

@Nã–ó€a@ÙÎbÌ@ÊcÎ@ái@¸@Ú‹qb‡nfl@ÜÎáy@μi@ÚÌÜã–€a @fiaÎá€a @›flbÿm@Êc@ÔÁÎ@Úflb«

@Êb◊@aàg@bfl@Úœã»fl@·Ëæa@Â‡œ@N·ÿ€a@ÚÌãƒ„@¿@ÚÓ‡Á˛a@ÚÌbÀ@¿@·ÓÓ‘n€a@Âfl@Ï‰€a@aâÁÎ

 sin@μn€aá€a@˝◊@Êc@Úœã»fl@Üãv∑@̋ r‡œ@L¸@‚c@Ú‰Ó»fl@“Îã√@¿@Ûí˝nÌ@bfl@̋ flbÿm

@ÙÎbÌ@¸@›flbÿn€a@aâÁ@Êhœ@LÔuÎå@b‡Ëiãö@›ñby@Êhœ@Ô€bn€biÎ@ÚÌÜãœ@fiaÎÜ@x , x

Nl–@∂g@l+@Âfl@Ú‹qb‡næa@ÜÎá®a@¿@ã–ó€a

Complex Numbers and Functions

@ 2 2x 4 0, x 2x+ = + + 0 0= Z›rfl@Òr◊@ÚÌu@p¸Üb»fl@Ÿ€b‰Á

@∂g@p¸Üb»æa@ÍâÁ@›®@szj€a@Üb”@á‘€@NÔ‘Ó‘y@Üá«@Êdi@bË‘Ó‘•@Âÿ∫@¸

@ÏÁ@HyI@sÓy@HiyI@›ÿì€a@Ô€bÓ©a@Üá»€a@âÇdÌ@NÒá‘»æa@Üaá«˛aÎ@ÚÓ€bÓ©a@Üaá«˛a

@ÚÓ€bÓ©a@Üá»€aÎ@ÚÓ‘Ó‘®a@Üá»€a@Ï‡™@NÚÓ€bÓ©a@ÒáyÏ€a@Û‡m@HiI@Î@Ô‘Ó‘y@Üá«

@knÿm@bfl@ÒÜb«@NÊbÓ‘Ó‘y@ÊaÜá«@b‡Á@x , y@sÓy@Hx + iyI@›rfl@LÒá‘»fl@Üaá«c@ÏÁ

Z›ÿì€a@Û‹«@Òá‘»æa@Üaá«˛a

z = x + iy @ @ @HRMQTI
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ZÈ€@Ô€bÓ©a@ıßa@ÏÁ@y@Î@È€@Ô‘Ó‘®a@ıßa@ÏÁ@x@sÓy

@b‡Ëõ»i@…fl@μ‘Ó‘®a@μˆßa@…‡°@b‡Ëõ»i@∂g@Êaá‘»æa@ÊaÜá»€a@“bõÌ

@ZÔmb◊@b‡Ëõ»i@…fl@μ€bÓ©a@μˆßaÎ

1 2 1 1 2 2 1 2 1 2z z x iy x iy (x x ) i(y y )+ = + + + = + + +

1 2 1 1 2 2 1 2 1 2z z (x iy ) (x iy ) (x x ) i(y y )− = + − + = − + −iii

@b‡‰Ìc@ 2(i 1)= − @…öÎÎ@b‡Ëõ»i@¿@ 1 2z , z @lãõi@·nÓœ@b‡Ëiãö@›ñby@bflc

ZpÜäÎ
2

1 2 1 1 2 2 1 2 2 1 1 2 1 2z .z (x iy )(x iy ) x x ix y ix y i y y= + + = + + +

1 2 1 2 2 1 1 2(x x y y ) i(x y x y )= − = +

@NHz*I@á‘»æa@’œaæbi@Û‡Ì@aáu@·Ëfl@äaá‘fl@¡jmãÌ@HzI@á‘»fl@Üá«@di

@HiI@pÜäÎ@b‡‰Ìc@H–iI@∂g@HiI@ÓÃni@HzI@á‘»æa@Üá»‹€@Hz*I@á‘»æa@’œaæa@wn‰Ì

NHz* = x – iyI@Êhœ@Hz = x + iyI@o„b◊@aàg@LÈÓœ

@ZÚ”˝»€bi@Û»Ì@â€aÎ@L z @flã€bi@HzI@á‘»æa@·”ã‹€@Ú‘‹æa@Ú‡Ó‘‹€@flãÌ
2 2 1 2z (x y )= + @ @HQU@M@RI

ZÏÁ@ z @Ú‘‹æa@Ú‡Ó‘‹€@·Ëæa@j»n€a@Êc@b‡◊
1 2z (zz*)= @ @HQV@M@RI

@ZÔmb◊@bË‰fl@’‘zn€a@Âÿ∫@€aÎ
2 2 2 2 2zz* (x iy)(x iy) x i y x y= + − = − = + @ @HQW@M@RI

Û‹«@›óÆ@HVQ@M@RI@Ú€Üb»æa@¿@HWQ@M@RI@Ú€Üb»æa@ÌÏ»ni
11 2 2 2 2z (zz*) (x y )= = + @ @HQX@M@RI

@NHexponentialI@Ô˛a@›ÿì€bi@á‘»æa@Üá»€a@Â«@j»n€a@áÓ–æa@Âfl@È„c@áuÎ@á‘€
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ZÚq˝r€a@HMaclaurinI@ÂÌäÏ◊bfl@ib»m@…um@á‘»æa@·”ã‹€@Ô˛a@›ÿì€a@Üb∞
2 3 4

x

2 4

3 5

x x xe 1 x ..........
2! 3! 4!

x xcos x 1 ..........
2! 4!
x xsin x x ..........
3! 5!

= + + + + +

= − +

= − +

@ZÛ‹«@›óz‰œ@ xe @¿@ iθ @Ú”˝»€bi@x@b‰€ájna@bfl@aàg
2 2 3 3 4 4

1

2 3 4 5
1

2 4 3 5
i

1 1 ie 1 i ......
2! 3! 4!

i 1e 1 i ......
2! 3! 4! 5!

e 1 i ...
2! 4! 3! 5!

θ

θ

θ

θ θ θ
= + θ + + + +

θ θ θ θ
= + θ − + + +

⎛ ⎞ ⎛ ⎞θ θ θ θ
= − + + θ − + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

i 2 i 2
ii

ii

ii

i 3 i 3

ii 5

ZÊhœ@aâ€Î@ sin ,cosθ θ @b‡Á@b‰Á@μnÓ ̨ a@μn‹‹€a@Êc@|öaÏ€a@Âfl
ie cos i sinθ = θ + θ @ @HQY@M@RI

@ iz re θ= @ÚÓ˛a@ÚÃÓó€a@b‰öÏ«@aàg@Nã€ÏÌg@ÚÃÓói@HYQ@M@RI@Ú”˝»€a@“ã»m

ZÛ‹«@›ó•@HQXMRI@Ú”˝»€a@¿@ iz* re− θ= @á‘»æa@bË‘œaflÎ
1 11 2 1 1 2 22 2z (zz*) (re .re ) r (x y )θ − θ= = = = +ii ii @ @HRP@M@RI

NHzI@·”ã‹€@Ú‘‹æa@Ú‡Ó‘€a@ÔÁ@r@sÓy

XMR@fibrfl

@ZÜãÿ€a@›Ór‡n€aÎ@ÚvÓn‰€a@ÍâÁ@‚áÉna@ ie cos i sinθ = θ + θ @ZÊc@ojqa

N 1e 1θ =ii ZÊc@pbjq@ z r(cos i sin )= θ + θ
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›®a
@ã€ÏÌg @Ú”˝« @‚áÉn„ @ 1e cos i sin− θ = θ − θii @Êc @pbjq

@θ @¿ @ÚÓuÎå @Ú€aÜ @ÔÁ @cos θ @Êc @Ú‘Ó‘yÎ @ ie cos i sinθ = θ + θ
@Êc @c @θ @¿ @ÚÌÜãœ @Ú€aÜ @ÔÁ @sin θ @ÊcÎ @ cos( ) cos−θ = θ @Êc @Û‰»∑

sin( ) sin−θ = − θ
1 2z (zz*)= @‚áÉnnœ@ 1e 1θ =ii ZÔ„br€a@ıv‹€@Új‰€bi@bflc

[ ]11 2

12 2 2

e (cos 1sin )(cos i sin )

(cos sin ) 1

θ = θ + θ θ + θ

= θ + θ =

ii i

Determinants

@@Ï€@Ú€ÏËi@bË»fl@›flb»n€a@Âÿ∫@€a@ÚÓˆbÌÓ–€a@›ˆbæa@Âfl@áÌá»€a@⁄b‰Á@

@HarraysI@“Ï–ó€a@ÍâÁ@›rfl@…fl@›flb»n€a@·nÌÎ@NHarraysI@“Ï–ñ@ÒäÏñ@¿@bË»öÎ

@¿@bËflaáÉna@…ˆbí@“Ï–ó€a@ÍâÁ@Âfl@Êb«Ï„@⁄b‰ÁÎ@NÒÜá @́Úflb«@á«aÏ”@ëbc@Û‹«

@pbœÏ–óæaÎ@HdeterminantsI@paÜáa@Zb‡ÁÎ@L·ÿ€a@ıbÓ‡Ó◊@¿@ÚñbÇÎ@L·ÿ€a@ÚÌãƒ„

@›uc@ÂflÎ@NÒã‡nfl@Ú–ói@paÜáa@lbnÿ€a@aâÁ@¿@‚áÉn„@“ÏÎ@LHmatricesI

NpaÜáz‡‹€@Úflb»€a@ôaÏ©a@»i@›ó–€a@aâÁ@¿@äbónÇbi@‚á‘„@“Ï@Ÿ€à

@N@Üá«@›ÿí@¿@‚b”ä˛a@Îc@pbÓ‡ÿ€a@Âfl@N2@Üá»€@…iãfl@kÓmãm@ÔÁ@ÒÜáa

@ÒÜáa@Újmä@̋ r‡œ@LÒÜáa@Újmä@Û‡Ì@N@Üá»€aÎ@Nã@N@Üá«Î@ÜÏ‡«

@

935
252
473

A = @ @HRQMRI

@NμÌÜÏ‡«@μÇ@μi@ÒÜáa@flä@c@| A |@flã€bi@ÒÜáa@Íâ@flãÌÎ@3@ÙÎbm

@ÔÁ@LÒÜá@ÚÌÜá»€a@Ú‡Ó‘€a@μÓ»n€@÷ã€a@ãÌc@ÂflÎ@LÚÌÜá«@Ú‡Ó”@ÒÜá´@›ÿ€Î

NÚ‘Ìã€a@ÍâÁ@|öÏÌ@Ô€bn€a@fibræaÎ@HcofactorI@’œaãæa@›flb»æa@Ú‘Ìã†
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YMR@fibrfl

HR@M@RQI@ÒÜáz‡‹€@ÚÌÜá»€a@Ú‡Ó‘€a@áuÎc

›®a

@NfiÎ˛a@ã€a@̋ rfl@ÂÿÓ€Î@LäÏ€a@áyc@Îc@Òá‡«˛a@áyc@äbnØ@MQ

@“ây@á»i @ÒÜáa @¿ @Èiãõ„Î @S @ÏÁÎ @äbnÉæa @ã€a @¿ @fiÎ˛a @á®a @âÇd„ @MR

Ná®a@aâÁ@Û‹«@ÙÏna@ÜÏ‡»€aÎ@ã€a

@¿@Èiãõ„ @·q @Èmäbíg @Ã„Î @W @ÏÁÎ @ã€a @–„ @¿@Ô„br€a @á®a @∂g @›‘n‰„ @MS

@–„@äãÿ„Î@á®a@aâÁ@b‡@…ibn€a@ÜÏ‡»€aÎ@ã€a@Ú€aåg@á»i@ÚÓ‘jnæa@ÒÜáa

ZÔÁ@|A|@Ú‡Ó”@ÊÏÿm@Ÿ€à@Û‹«Î@s€br€a@á®a@¿@ıÔì€a

35
52

4
95
22

7
93
25

3A +−=

@ A 3(5x9 2x3) 7(2x9 2x5) 4(2x3 5x5) 15= − − − + − = −

@Llbnÿ€a@aâÁ@¿@bËfláÉn„@“Ï@€aÎ@LpaÜáz‡‹€@Ú‡Ëæa@ôaÏ©a@ÂflÎ

ZÔÁ

NÒÜáa@¿@ÂÌã@Îc@ÂÌÜÏ‡«@…öÎ@fiájm@bfl@aàg@ÒÜáa@Òäbíg@ÿ»‰m@MQ

@ÂÌã@Û‹«@pÏnya@bfl@aàg@Hã–ó€a@ÙÎbm@ÚÌÜá»€a@bËn‡Ó”I@ÒÜáa@Ûí˝nm@MR

Nμ‘ibnfl@ÂÌÜÏ‡«@Îc

@

QPMR@fibrfl

ZÒÜáa@Ú‡Ó”@áuÎc

7 3 4
B 5 2 2

3 5 9
=
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›®a

2 2 5 2 5 2
B 7 3 4

5 9 3 9 3 5
= − +

56 117 76− +

B 7(2x9 2x5) 3(5x9 2x3) 4(5x5 2x3) 15= − − − + − = +

@fiÎ˛a@ÂÌÜÏ‡»€a@…öÎ@›Ìájm@…fl@Âÿ€Î@HAI@ÒÜáa@bË–„@ÔÁ@HBI@ÒÜáa@Êc@b∑

NkuÏæa@∂g@k€b€a@Âfl@bËmäbíg@pÃnœ@LÔ„br€aÎ

QQMR@fibrfl

ZÒÜáz‡‹€@ÚÌÜá»€a@Ú‡Ó‘€a@áuÎc

3 3 4
C 2 2 2

5 5 9
=

›®a

2 2 2 2 2 2
C 3 3 4

5 9 5 9 5 5
= − +

C 3(2x9 2x5) 3(2x9 2x5) 4(2x5 2x5) 0= − − − + − =

Nμ‘ibnfl@ÂÌÜÏ‡«@ÜÏuÏ€@aãƒ„@ÒÜáa@oí˝m@àg

Coordinate Systems

@Îc@Ú‘„@—ñÎ@Âfl@òÉì€a@μÿ‡n€@ÏÁ@pbÓqaáya@·ƒ‰€@Ôb˛a@“áa

@Ú»iäc@lbnÿ€a@aâÁ@¿@b‰‡ËÌÎ@L·ƒ‰€a@ÍâÁ@Âfl@áÌá»€a@⁄b‰ÁÎ@NŒaã–€a@¿@|@Îc@¡Ç
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ZÔÁ@·ƒ‰€a@ÍâÁÎ@LÚ–‹nÉæa@—”aÏæa@¿@bËfláÉn„@“Ï@€aÎ@L·ƒ‰€a@ÍâÁ@Âfl

NHcartesian coordinatesI@Hx, y, zI@ÚÓmäbÿÌá€a@pbÓqaáya@MQ

NHspherical polar coordinates) Hr, φ, θI@ÚÌÎãÿ€a@ÚÓj‘€a@pbÓqaáya@MR

NHcylindrical coordinatesI@Hρ, φ, zI@@ÚÓ„aÏ˛a@pbÓqaáya@MS

NHconfocal ellipsoidal coordinatesI@Hμ, ν, φI@ÚÌÎbõÓj€a@pbÓqaáya@MT

x

y

z

p(x, y, z)

o

NÚÓmäbÿÌá€a@pbÓqaáya@‚bƒ„@ZHRMRI@›ÿí

@ıb‘n„a@k∞Î@LbË–„@Ú‹ÿìæa@ÚÓ«Ï„@Û‹«@pbÓqaáya@‚bƒ‰€@b„äbÓnÇa@á‡n»ÌÎ

@Ûó”c@∂g@Ú‹ÿìæa@Íâ@Ú‹r‡æa@ÚÓöbÌã€a@p¸Üb»æa@¡ jÌ@â€a@pbÓqaáya@‚bƒ„

@ò‹Énm@€a@ÚÓˆbË‰€a@ÚvÓn‰€a@Êc@ÊbÁàˇ€@b zöaÎ@ÊÏÿÌ@Êc@ái@ @̧Âÿ€Î@NÚuäÜ

@pbÓqaáya@‚bƒ„@Û‹«@b”˝†g@Òá‡n»fl@ÀÎ@bflb∏@Ú‹‘nfl@ÊÏÿm@ÊcÎ@ái@¸@›®a@Âfl

N‚áÉnæa

@P@Ú‘‰€a@›r∏@ÈÓœÎ@LÚÓmäbÿÌá€a@pbÓqaáya@‚bƒ„@HRMRI@·”ä@›ÿì€a@|öÏÌ

@›r‡nœ@L‘€a@Îãÿ€a@pbÓqaáya@‚bƒ„@¿@bflc@NHx , y , zI@pbœbfl@t˝ri@Œaã–€a@¿

@Âfl@Hã‘€a@—ó„I@Úœbæa@ÔÁ@r@ÚœbæaÎ@NHφ , θI@μnÌÎaåÎ@HrI@Úœbæbi P@Ú‘‰€a

@NZ@äÏaÎ@OP@Èvnæa@μi@Ú»”aÏ€a@ÚÌÎa€a@ÔÁ@θ@ÚÌÎa€aÎ@P@∂g@O@pbÓqaáya@◊ãfl

Nxy@ÙÏnæa@¿@OP@¡‘flÎ@x@äÏa@μi@Ú»”aÏ€a@ÚÌÎa€a@ÔËœ@φ@ÚÌÎa€a@bflc
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z

A

x

y

p(r, θ, φ)

θ

φ

p'

B
o

c

x

x

ÚÓj‘€a@ÚÌÎãÿ€a@pbÓqaáya@‚bƒ„@ZHSMRI@›ÿí

@‚bƒ„@μi@Ú”˝»€a@Üb∞g@Âÿ∫Î@Npb”˝»€a@ÍâÁ@HSMRI@·”ä@›ÿì€a@|öÏÌÎ

ZÔ‹Ì@b‡◊@ÚÌÎãÿ€a@ÚÓj‘€a@pbÓqaáya@‚bƒ„Î@ÚÓmäbÿÌá€a@pbÓqaáya

@Êhœ@OPA@s‹ræa@¿Î@HSMRI@›ÿì€a@Âfl@

PA = r sin θ

z = r cos θ @ @ @HcMRRMRI

@Ô€bn€biÎ@LAP@äaá‘æa@¿@ÙÎbÌÎ@åaÏÌ@OP@¡‘fl@Êhœ@xy@ÙÏnæa@¿Î

O P’ = r sin θ 

Êhœ@OP’B@s‹ræa@¿Î
x = op’ sin φ

@x = r sin θ cos φ @ @ @HlMRRMRI

y = op’ sin φ @ @ @@Î

y = r sin θ cos φ @ @ @HxMRRMRI
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y
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p(ρ, φ, z) 

o

φ
ρ

ÚÓ„aÏ¸a@pbÓqaáya@‚bƒ„@ZHTMRI@›ÿí

@‚bƒ‰€a@aâÁ@¿Î@NÚÓ„aÏ˛a@pbÓqaáya@‚bƒ„@HTMRI@·”ä@›ÿì€a@|öÏÌ

@äÏa@Û‹«@Ôqaáya@z@b‡Á@ÊbnœbæaÎ@NÒáyaÎ@ÚÌÎaåÎ@μnœb∑@p@Ú‘‰€a@›r∏

@—Ìã»n€a@–„@bÎ@φ@ÔËœ@ÚÌÎa€a@bflc@Nxy@ÙÏnæa@¿@o p@Èvnæa@¡‘æa@fiÏ†Î@Lz

@pbÓqaáya@μi@Ú”˝»€aÎ@NpbÓqaáy€@‘€a@Îãÿ€a@‚bƒ‰€a@¿@‚áÉna@â€a

@¿@ofláÉna@€a@Ú‘Ìã€a@–‰i@bË†bj‰na@Âÿ∫@ÚÓ„aÏ˛a@Ÿ‹mÎ@ÚÓmäbÿÌá€a

@ZÚ”˝»€a@ÍâÁ@›r∏@HRSMRI@p¸Üb»æaÎ@N‘€a@Îãÿ€a@‚bƒ‰€a@Ú€by

x = ρ cos φ

y = ρ sin φ@@ @ @ @HRSMRI

 z = z

@‚áÉnÌÎ@NHUMRI@›ÿì€a@¿@|öÏfl@ÏËœ@pbÓqaáy€@ÎbõÓj€a@‚bƒ‰€a@bflc

@A, B@ÂÌ◊ã∑@Ó‡nm@€a@ÚÓÀaã–€a@fibÿí˛a@Ú€by@¿@pbÓqaáya@Âfl@Ï‰€a@aâÁ

@…fl@…†b‘nÌ@ÙÏnfl@ÊaÜá±@AP, BP@Êb©aÎ@R@Únibq@Úœbfl@b‡Ëõ»i@Â«@b‡Ë‹ó–m

@t˝ri@Ú€b®a@ÍâÁ@¿@P@Ú‘‰€a@Üá•Î@Nφ@ÚÌÎa€a@Üá±@…†b‘n€a@aâÁÎ@HxyIÙÏnæa

Ô€bn€b◊@ν, μ@“ã»m@sÓy@Î@[ν , φ , μ@pbÓqaáyg
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μ = (ra + rb) / R } ν = (ra – rb) / R@@ @ @ @HRTMRI

@NÔ‹Çaá€a@ä˚j€a@äÏa@fiÏy@ B A(R,3 r )Ar @s‹ræa@bÁ˚ì‰Óœ@HφI@ÚÌÎa€a@bflc

ZÔÁ@ÔmäbÿÌá€a@‚bƒ‰€aÎ@pbÓqaáya@Âfl@‚bƒ‰€a@aâÁ@μi@Ú”˝»€aÎ

x = R/2 (μ2 – 1)1/2 (1 – ν2)1/2 cos φ }y = R/2 (μ2 – 1)1/2 (1 – ν2)1/2 sin φ @ @HRUMRI

 z = R/2 μν

@

R ZA

M=constant

V=constant
B

y

G

P(M,V,   )

A B

ÚÌÎbõÓj€a@pbÓqaáya@‚bƒ„@ZHUMRI@›ÿí

@¿@b‰„hœ@Lã◊â€a@Ú‘ib@pbÓqaáya@·ƒ„@Âfl@c@¿@·ÿ€a@ÚÌãƒ„@’Ójm@á‰«Î

@ıaãuÎ@NHall spaceI@Œaã–€a@›◊@¿@p˝flbÿn€a@»i@›Æ@Êc@fiÎbÆ@fiaÏy˛a@k‹Àc

 differential volumeI@ÚÓ‹öb–n€a@‚Ïv®a@ÒáyÎ@áÌá•@¸Îc@k∞@p˝flbÿn€a@ÍâÁ@›rfl

@Âfl@‚bƒ„@›◊@¿@›flbÿn€a@ÜÎáy@Úœã»fl@b õÌc@k∞Î@Ldτ@flã€bi@È€@flãÌÎ@Helement

Z…iä˛a@·ƒ‰€a@›ÿ€@pbflÏ‹»æa@ÍâÁ@Ô‹Ì@b‡Óœ@òÉ‹„@“ÏÎ@NpbÓqaáya@·ƒ„

ÚÓmäbÿÌá€a@pbÓqaáya

dτ = dx dy dz                    – ∞ ≤ x ≤ + ∞
– ∞ ≤ y ≤ + ∞
– ∞ ≤ z ≤ + ∞
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ÚÓj‘€a@ÚÌÎãÿ€a@pbÓqaáya

dτ = r2 sin θ dr dθ dφ                    0 ≤ r ≤ + ∞
0 ≤ θ ≤ π

0 ≤ φ ≤ 2π

@ÚÓ„aÏ˛a@pbÓqaáya

dτ = ρ dρ dφ dz                    0 ≤ ρ ≤ ∞
0 ≤ φ ≤ 2π

– ∞ ≤ z ≤ + ∞

@ÚÌÎbõÓj€a@pbÓqaáya

dτ = R3 /8 (μ2 – ν2) dμ dν dφ                    1 ≤ μ ≤ ∞
– 1 ≤ ν ≤ – 1

0 ≤ φ ≤ 2π
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@
@Ú‡Ó” @kya @HQMRI @ÔöbÌã€a @›ÿì€a @b‡ @ Q̂ ,P̂ @Êaãq˚æa @Êb◊ @aàg @MQ

. f (x,y) = x2 + y2 + 2xy@Ú€aá‹€@ P̂.Q̂  Q̂.P̂ − @

@Êhœ@@f (x) = x2+2x+1@Ú€aá‹€@Új‰€bi@È„c@ojqa@ Q̂  = x@Î@ P̂]@d/dx@Êc@œa@MR

P̂Q̂Q̂P̂ ≠

@μœã»æa @ÂÌãq˚‡‹€ @H P̂.Q̂  Q̂.P̂ − I @Ô€Übjn€a @›flb»‡‹€ @b flb« @aj»m @¡j‰na @MS

NHRI@ÂÌã‡n€a@¿@

dx2
d2
@ãq˚‡‹€@ÚÓmaà@Ú€aÜ@ÔÁ@HÊbnibq@b‡Á@a , A@sÓyI@Ae–ax@Ú€aá€a@Êc@ojqa@MT

_@Ú€b®a@ÍâÁ@¿@Ú€aá‹€@ÚÓmaâ€a@Ú‡Ó‘€a@ÔÁ@bfl

@∇2@ãq˚‡‹€@ÚÓmaà@Ú€aÜ@ÔÁ@Hcos ax cos by cos czI@Ú€aá€a@Êc@ojqa@MU

_@Ú€b®a@ÍâÁ@¿@Ú€aá‹€@ÚÓmaâ€a@Ú‡Ó‘€a@ÔÁ@bfl

ÚÓ€bn€a@fiaÎá€a@Âfl@Ú€aÜ@›◊@HÔuÎå@‚c@ÜãœI@›qb∏@ã◊àa@MV

 x3 , x4 , sin x , cos x , x sin x , x cos x

@x = –180° (–π) , x = 180° (π)@·Ó‘€a@μi@y = sin x@Ú€aá€a@·äa@MW

ÊÏÿm @bflá‰« @Hl @MQSMRI @p˝flbÿn€a @Âfl @›◊ @Ô€g @Ô‡n‰m @€a @’†b‰æa @Ófl

Nx = 180°@

@Êc@ojqa@Np˝flbÿn€a@Û‹«@bÁqdmÎ@fiaÎá‹€@›qb‡n€a@ôaÏÇ@‚aáÉnbi@MX

@ imtf (t) e dt f (t) cosmt dt
+∞ +∞

−∞ −∞

=∫ ∫
Nt@Ãnæa@¿@ÚÓuÎå@Ú€aÜ@ÔÁ@f (t)@o„b◊@aàg
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