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Faculty of Science, Department of Mathematics.

Calculators are not allowed. Answer the questions in the spaces provided on the
question sheets. If you run out of room for an answer, continue on the back of the page.

PLEASE SHOW ALL YOUR WORK. No Credit will be given for an answer alone.

Student Name:

Question: 1 2 3 4 5 6 7 8 9 10 Total

Points: 10 10 10 10 10 10 10 10 10 10 100

Score:

Specialization: Write 1, 2, and 3 in three boxes only according to your desired area
of specialization [1 means first choice, 2 means second choice, and 3 means third choice].

Algebra

Applied Mathematics

Complex Analysis

Differential Equations

Differential Geometry

Functional Analysis

Numerical Analysis

Real Analysis

Topology
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1. Use the graph of 𝑦 = 𝑓(𝑥) given to the
right with the fact that domain of 𝑓 is
the set of all real numbers to answer the
following questions
(a) 3 points Find all critical numbers

of 𝑓 . Justify your answer.

(b) 3 points Find the intervals where
the function is increasing and de-
creasing. Justify your answer.

(c) 4 points Classify each critical num-
bers as local maximum, local mini-
mum, or neither. Justify your an-
swer.

1

2

3

-1

-2

-3

1 2 3-1-2-3

𝑦 = 𝑓 ′(𝑥)

𝑥

𝑦
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2. Evaluate the following integral

(a) 5 points

𝜋
6∫

−𝜋
6

𝑥8 + 𝑥4 + 2

tan𝑥
𝑑𝑥

(b) 5 points

∫
𝑑𝑥√

𝑒2𝑥 − 6
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3. (a) 5 points Prove that for all 𝑎, 𝑏 ∈ ℝ, ∣∣𝑎∣ − ∣𝑏∣∣ ≤ ∣𝑎− 𝑏∣.
(b) 5 points Suppose that 𝑎, 𝑏 ∈ ℝ with 𝑎 < 𝑏. If 𝑓 is a continuous function on [𝑎, 𝑏]

and differentiable on (𝑎, 𝑏) such that 𝑓 ′(𝑥) < 0, for all 𝑥 ∈ (𝑎, 𝑏). Show that 𝑓 is
strictly decreasing on [𝑎, 𝑏].
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4. (a) 5 points Find a spanning family for the subspace 𝑆 of ℝ3 defined by the equation
2𝑥− 5𝑦 + 5𝑧 = 0.

(b) 5 points Let 𝐴 =

(
7 4
−9 −5

)
. Prove that 𝐴𝑛 =

(
1 + 6𝑛 4𝑛
−9𝑛 1− 6𝑛

)
.
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5. (a) 5 points Find the radius of convergence and the interval of convergence of the

series

∞∑
𝑛=1

(𝑥− 1)𝑛

𝑛
.

(b) 5 points Evaluate

∫
𝐶

𝑥2𝑦 𝑑𝑠, where 𝐶 is the upper half the unit circle.
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6. (a) 5 points Let ℚ be the set of all rational numbers. Define an operation ∗ on ℚ as
follows: 𝑎 ∗ 𝑏 = 𝑎+ 𝑏+ 𝑎𝑏 for all 𝑎, 𝑏 ∈ ℚ.

i. Is (ℚ, ∗) a group? Explain your answer.
ii. Find a solution of the equation 2 ∗ 𝑥 ∗ 3 = 7.

(b) 5 points i. If 𝐺 is a group such that (𝑎𝑏)2 = 𝑎2𝑏2 for all 𝑎, 𝑏 ∈ 𝐺. Prove that 𝐺
is abelian.

ii. Let 𝐻 be a subgroup of a group 𝐺 such that ∣𝐺 : 𝐻∣ = 2. Show that 𝐻 is a
normal subgroup in 𝐺.
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7. (a) 5 points Discuss the continuity of the given function in the 𝑥𝑦−plane (on ℝ2):

𝑓(𝑥, 𝑦) =

⎧⎨
⎩

𝑥(𝑦 − 1)

𝑥2 + (𝑦 − 1)2
, (𝑥, 𝑦) ∕= (0, 1),

0, (𝑥, 𝑦) = (0, 1).

(b) 5 points Write equations for the plane that is parallel to and
√
6 units away from

the plane 𝑥− 2𝑦 + 𝑧 = 3.
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8. (a) 5 points Discuss the existence and uniqueness question for the following value

problem 𝑦′ =
√
𝑦 − 𝑥, 𝑦(1) = 2.

(b) 5 points Find a general solution for 𝑦′ + 𝑥+ 𝑦 + 1 = (𝑥+ 𝑦)2𝑒3𝑥.
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9. (a) 5 points Prove that 2𝑛 ≥ 𝑛2, for all 𝑛 ≥ 4.

(b) 5 points If 𝐴;𝐵;𝐶 are three non-empty sets, prove that

𝐴× (𝐵 ∪ 𝐶) = (𝐴× 𝐵) ∪ (𝐴× 𝐶)
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10. (a) 5 points Suppose that 𝑏 ∈ ℝ and 𝑓(𝑥) = 3𝑥2 + 𝑏𝑥 + 12 is
a polynomial part of its graph shown to the right.
Find 𝑓(4).

1

2

3

-1
1 2 3-1

𝑦 = 𝑓(𝑥)

𝑥

𝑦

(b) 5 points If 𝑓 is a differentiable function on ℝ. Suppose that 𝑓(1) = 3 and 𝑓 ′(1) = 5.

Compute lim
𝑥→1

(𝑓(𝑥))2 − 9

𝑥2 − 1
.
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