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2. Volume:Cross Sections, Disks and Washers

2.1. Volumes by Cross Sections

Definition 2.1: [Volume]
Let S be a solid bounded by two parallel planes perpendicular to the x-axis at x = a,
and x = b. If, for each x in [a, b], the cross-sectional (the intersection of S with a plane at
x- slicing S at x-) area of S perpendicular to the x-axis is given by A(x), where A(x) is

continuous on [a, b], then the volume of S is V =

∫ b

a

A(x) dx.

a bx

A(a) A(b)A(x)

y

x

A similar definition can be given for a solid bounded by two parallel planes perpendicular
to the y-axis.
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Example 1. Prove that the volume of a sphere of radius r is V =
4

3
πr3.

Solution:

If we place the sphere so that its center is at the
origin then at each x the cross section by planes
perpendicular to the x-axis is a circle whose radius

(from Pythagorean theorem) is y =
√
r2 − x2.Hence

the cross-sectional area is A(x) = πy2 = π(r2 − x2),
where x moves from −r to r. Therefore

V =

∫ r

−r

A(x) dx

=

∫ r

−r

π(r2 − x2) dx

= π

[
r2x− x3

3

]r
−r

=

[(
r3 − r3

3

)
−
(
−r3 +

r3

3

)]

=
4

3
πr3.

� ��

0 r−r x

yr

y

x

�
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2.2. The Disk Method

Definition 2.2: [Volume By The Disk Perpendicular To x-Axis ]
Let R be the region bounded by y = f(x), y = 0, x = a, and x = b. When this region
is revolved about x-axis we get a solid S. A cross-section through x perpendicular to the
x-axis is a circular disk with radius equal to f(x). Hence the area of the cross-section is

A(x) = π(radius)2 = π [f(x)]
2
. The volume of the solid S is given by the following formula

V =

∫ b

a

A(x) dx =

∫ b

a

π [f(x)]2 dx.

a b

y = f(x)R
y

x

a b

y = f(x)

x

(x, f(x))S

y

x
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A similar definition is given below when revolving about y-axis.

Definition 2.3: [Volume By The Disk Perpendicular To y-Axis ]
Let R be the region bounded by x = f(y), x = 0, y = c, and y = d. When this region
is revolved about y-axis we get a solid S. A cross-section through y perpendicular to the
y-axis is a circular disk with radius equal to f(y). Hence the area of the cross-section is

A(y) = π(radius)2 = π [f(y)]
2
. The volume of the solid S is given by the following formula

V =

∫ d

c

A(y) dy =

∫ d

c

π [f(y)]
2
dy.

c

d

x = f(y)R

y (f(y), y)

y

x

c

d

x = f(y)

y

S

y

x
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2.2.1. Guidelines for Finding the Volume using Disk

We will breviate the phrase ”integrated with respect to” by ”i.w.r”.

1. Draw the region and sketch a thin rectangle (line) through the region at (x or y) that
is perpendicular to the axis of revolution (x-axis or y-axis).

2. If the thin rectangle (line) lies on the x-axis, then the integration will be with respect
to x. If the thin rectangle (line) lies on the y-axis, then the integration will be with
respect to y.

3. Label the thin rectangle (line) [(x, top)− (x, bottom) if i.w.r. x] or [(left, y)− (right, y)
if i.w.r.y]

4. Find the area of the disk [A(x) = π(top− bottom)2-if i.w.r. x] or [A(y) = π(right− left)2-
if i.w.r. y]

5. To find the limits move the thin rectangle (line) [left to right if i.w.r. x, the leftmost
is the lower limit and the rightmost is the upper limit] or [bottom to top if i.w.r. y,
the bottommost is the lower limit and the topmost is the upper limit]

6. Compute the integral to get the volume.
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Example 2. Find the volume of the solid that is obtained when the region y =
√
x, y =

0, x = 0, and x = 2 is revolved about the x-axis.

Solution:

If we draw a thin rectangle through the region at x that
is perpendicular to the axis of revolutionwe see it lies on
the x-axis Hence we should integrate with respect to x.
The cross-section at any x ∈ [0, 2] perpendicular to the
x−axis is a disk with radius

√
x. Then

V =

b∫
a

π[f(x)]2 dx

=

2∫
0

π[
√
x]2 dx

=

2∫
0

π[x] dx = π

[
1

2
x2

]2

0

= π

[
1

2
4

]
= 2π.

1

2

-1

1 2

�

y =
√

x

(x,
√

x)

x

R

y

x

1

2

-1

1 2 3
x

S

y

x
2

�
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Example 3. Find the volume of the solid that is obtained when the regiony = x3, x = 0,
and y = 8 is revolved about the y−axis.

Solution:

If we draw a thin rectangle through the region at
y that is perpendicular to the axis of revolution we
see it lies on the y-axis.Hence we should integrate
with respect to y. The cross-section at any y ∈ [0, 8]
perpendicular to the y−axis is a disk with radius 3

√
y.

Then

V =y

∫ d

c

π[f(y)]2 dy =

∫ 8

0

π[ 3
√
y]2 dy

=

∫ 8

0

π y2/3 dy

= π

[
5

3
y5/3

]8
0

= π

[
5

3
85/3

]
=

160π

3
.

y = x3

y
R

y = 8

( 3
√

y, y)

x

y

x = 3
√

y

y

y

x

8

S

�
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2.3. The Washer Method

Note 1: Note that the area of an annular [ region bounded by two circles one of radius r1 and
the other of radius r2 with r1 < r2.] is A = π[r22−r21 ] = π[( outer radius )2−(inner radius )2].
A definition of the volume by the washer perpendicular to x-axis, a similar definition about
the y-axis should be obtained by the reader.

r1

r2
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Definition 2.4: [Volume By The Washer Perpendicular To x-Axis ]
Let R be the region bounded by y = f(x), y = g(x), x = a, and x = b, where f(x) ≥
g(x), ∀ x ∈ [a, b]. When this region is revolved about x-axis we get a solid S. A cross-section
taken perpendicular to the x−axis at any point x is an annular ”washer-shaped” with inner
radius equal to g(x) and outer radius equal to f(x). Hence the area of the cross-section
A(x) = π[( outer radius)2 − ( inner radius )2] = π[[f(x)]2 − [g(x)]2]. Then the Volume of
S is given by the following formula

V =

∫ b

a

A(x) dx =

∫ b

a

π[(f(x))2 − (g(x))2] dx.

�

�

rin

rout

a b

y = g(x)

y = f(x)

x

(x, g(x))

(x, f(x))
y

x g(x)

f(x)

a bx

S
y

x
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2.3.1. Guidelines for Finding the Volume using Washer

1. Draw the region and sketch a thin rectangle (line) through the region at (x or y) that
is perpendicular to the axis of revolution (x-axis or y-axis) and extends this line to
the axis of revolution.

2. If the thin rectangle (line) lies on the x-axis, then the integration will be with respect
to x. If the thin rectangle (line) lies on the y-axis, then the integration will be with
respect to y.

3. Label the thin rectangle (line) [(x, top)− (x, bottom) if i.w.r. x] or [(left, y)− (right, y)
if i.w.r.y]

4. Find the outer radius and the inner radius. The inner radius is the distance from the
axis of revolution to the nearest graph to the axis of revolution and the outer radius
is the distance from the axis of revolution to the farthest graph. The area of annular
[A(x)-if i.w.r.x or A(y)-if i.w.r.y]
A = π

[
(outerradius)2 − (innerradius)2

]
.

5. To find the limits move the thin rectangle (line) [left to right if i.w.r. x, the leftmost
is the lower limit and the rightmost is the upper limit] or [bottom to top if i.w.r. y,
the bottommost is the lower limit and the topmost is the upper limit]

6. Compute the integral to get the volume.
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Example 4. Find the volume of the solid obtained by revolved the region y = x and y = x2 about
the x−axis.

Solution:
If we draw a thin rectangle through the region at x that
is perpendicular to the axis of revolution we see it lies on
the x-axis. Hence we should integrate with respect to x.
The cross-section at any x ∈ [0, 1] perpendicular to the
x−axis is an annular ”washer-shaped” with inner radius
equal to x2 and outer radius equal to x. Then

V =

∫ 1

0

π[(x)2 − (x2)2] dx

=

∫ 1

0

π [x2 − x4] dx

=π

[
1

3
x3 − 1

5
x5

]1
0

=π

[
1

3
− 1

5

]
=

2π

15
.

1

1

�

�

rin = x2
rout = x

y = x2

y = x

y

x
x

x

S

y

x

�
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Example 5. Find the volume of the solid obtained by revolved the region y = x and y = x2

about the y−axis.

Solution:
If we draw a thin rectangle through the region at
y that is perpendicular to the axis of revolution we
see it lies on the y-axis. Hence we should integrate
with respect to y. The cross-section at any y ∈ [0, 1]
perpendicular to the y−axis is an annular ”washer-
shaped” with inner radius equal to y and outer radius
equal to

√
y. Then

V =

∫ d

c

π[( outer radius )2 − ( inner radius)2] dy

=

∫ 1

0

π[(
√
y)2 − (y)2] dy =

∫ 1

0

π [y − y2] dx

=π

[
1

2
y2 − 1

3
y3
]1
0

=π

[
1

2
− 1

3

]
=

π

6
.

1

1

� �

rin = y

rout =
√

y

x =
√

y
x = y

y

y

x

1

1-1

S

y

y

x

�
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Example 6. Find the volume of the solid obtained by revolved the region bounded by
y2 = x and y = x3 about the x = −1.

Solution:
We have y2 = x ⇒ y =

√
x and hence to find the

intersection of the curves we set x3 =
√
x. Thus

x6 = x and hence 0 = x6 − x = x(x5 − 1). There-
fore x = 0,⇒ y = 0 or x = 1 ⇒ y = 1. If we
draw a thin rectangle through the region at y that
is perpendicular to the axis of revolution x = −1 we
see it intersects the y-axis.Hence we should integrate
with respect to y.The cross-section at any y ∈ [0, 1]
perpendicular to the x = −1 is an annular ”washer-
shaped” with inner radius equal to the distance from
the y−axis to the nearest graph x = y2 plus the
distance from the y−axis to the axis of revolution
x = −1, and hence rin = 1+ xleft = 1 + y2.

1

1

y = x3

y =
√

x

y

x

1

y

(1, 1)

(y2, y) (y1/3, y)

rin = 1 + y2

rout = 1 + y
1
3

x = −1

x = y2

x = y
1
3y

x

�

�

�
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The outer radius equal to the distance from the
y−axis to the farthest graph x = y1/3 plus the dis-
tance from the y−axis to the axis of revolution
x = −1, and hence rout = 1+xrigth = 1+y1/3. Then

V =

∫ d

c

π[( outer radius )2 − ( inner radius)2] dy

=

∫ 1

0

π[(1 + y1/3)2 − (1 + y2)2] dy

=

∫ 1

0

π[2y1/3 + y2/3 − 2y2 − y4] dx

=π

[
3

2
y4/3 +

3

5
y5/3 − 2

3
y3 − 1

5
y5
]1
0

=
37

30
π.

1

y

(1, 1)

rin = 1 + y2

rout = 1 + y
1
3

x = −1

x = y2

x = y
1
3y

x

�

�

�

�
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Example 7. Find the volume of the solid obtained by revolved the region bounded by
y = x2 and y = −(x− 1)2 + 1 about the y = 2.

Solution:
To find the intersection of the curves we setx2 =
−(x− 1)2 + 1. Thus x2 = −x2 + 2x and hence
0 = 2x2 − 2x = 2x(x− 1). Therefore x = 0,⇒ y = 0
or x = 1 ⇒ y = 1. If we draw a thin rectangle
through the region at x that is perpendicular to the
axis of revolution y = 2 we see it intersects the x-
axis. Hence we should integrate with respect to x. 1

1

y = x2

y = −(x − 1)2 + 1

y

x

1

2

1−1
y = x2 y = −(x − 1)2 + 1

y

x

(x, x2)

(x,−(x − 1)2 + 1

rin = 1 + (x − 1)2

(1, 1)2

rin = 2 − (−(x − 1)2 + 1) rout = 2 − x2

�

�

�

x
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The cross-section at any x ∈ [0, 1] perpendicular to
the y = 2 is an annular ”washer-shaped” with inner
radius equal to the distance from the x−axis to the
axis of revolution y = 2, minus the distance from
the x−axis to the top graph y = −(x− 1)2 + 1, and
hence rin = 2− (−(x− 1)2 + 1) = 1 + (x − 1)2. The
outer radius equal to the distance from the x−axis
to the axis of revolution y = 2, minus the distance
from the x−axis to the bottom graph y = x2, and
hence rout = 2− x2.Then

V =

∫ d

c

π[( outer radius )2 − ( inner radius)2] dy

=

∫ 1

0

π[(2 − x2)2 − (1 + (x− 1)2)2] dy

=

∫ 1

0

π[−4x3 + 12x2 − 8x] dx

=π
[
x4 − 4x3 + 4x2

]1
0
= π.

1

2

3

4

1−1

y

x

rin = 1 + (x − 1)2

2
rout = 2 − x2

�

�

�

x

�
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