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2. Antiderivatives

Definition 2.1: [Antiderivatives]
A function F is called an antiderivative of f on an interval I if F ′(x) = f(x) for all x ∈ I.

Theorem 2.1: [The General Antiderivative]
If F is an antiderivative of f on an interval I, then the most general antiderivative of f on
I is F (x) + C where C is an arbitrary constant.

Example 1. Find the most general antiderivative of each of the following functions.

1. f(x) = sinx 2. f(x) =
1

x
3. f(x) = xn, (n �= −1)

Solution:

1. Since
d

dx
(cosx) = − sinx, then

d

dx
(− cosx) = sinx and hence F (x) = − cosx+ C.

2. Since
d

dx
(lnx) =

1

x
, and

d

dx
(ln (−x)) =

−1

−x
=

1

x
, and hence

d

dx
(ln (|x|)) = 1

x
. Then

F (x) = ln |x|+ C.

3. Since
d

dx

(
xn+1

n+ 1

)
=

n+ 1

n+ 1
xn = xn, then F (x) =

xn+1

n+ 1
+ C.
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No. Function Anti-derivative No. Function Anti-derivative

1. A(constant) Ax+ C 2. sec2 x tanx+ C

3. xn, n �= −1
xn+1

n+ 1
+ C 4. secx tan x secx+ C

5. sinx − cosx+ C 6. cscx cotx − cscx+ C

7. cosx sinx+ C 8. csc2 x − cotx+ C

9. ax, a > 0
ax

ln a
+ C 10. ex ex + C

11.
1√

1− x2
sin−1 x+ C 12.

1

1 + x2
tan−1 x+ C
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Example 2. Find all functions g such that g′(x) = 4 sinx+
2x5 −√

x

x
.

Solution:

g′(x) = 4 sinx+
2x5 −√

x

x
rewrite the function.

= 4 sinx+ 2
x5

x
−

√
x

x

= 4 sinx+ 2x4 − x−1/2 find the antiderivative

g(x) = 4(− cosx) + 2
x5

5
− x1/2

1/2
+ C Simplify

g(x) = −4 cosx+
2

5
x5 + 2

√
x+ C
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Example 3. Find all functions f if f ′(x) = ex +
20

1 + x2
and f(0) = −2.

Solution:

f ′(x) = ex +
20

1 + x2
find the antiderivative.

f(x) = ex + 20 tan−1 x+ C use f(0) = −2.

−2 = f(0) = e0 + 20 tan−1 0 + C Simplify

−2 = 1 + 0 + C Simplify

−2− 1 = C Hence

f(x) = ex + 20 tan−1 x− 3
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Example 4. Find all functions f if f ′′(x) = 12x2 + 6x− 4, f(1) = 1, and f(0) = 4.

Solution:

f ′′(x) = 12x2 + 6x− 4 find the antiderivative.

f ′(x) =
12x3

3
+

6x2

2
− 4x+ C simplify.

f ′(x) = 4x3 + 3x2 − 4x+ C find the antiderivative again.

f(x) =
4x4

4
+

3x3

3
− 4x2

2
+ Cx+D simplify

f(x) = x4 + x3 − 2x2 + Cx+D use f(1) = 1, and f(0) = 4.

1 = f(1) = 1 + 1− 2 + C +D 4 = f(0) = DSimplify

1 = C +D 4 = D Hence

C = −3 D = 4 Hence

f(x) = x4 + x3 − 2x2 − 3x+ 4
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Example 5. A particle moves in a straight line and has acceleration given by a(t) = 6t+4.
Its initial velocity is v(0) = −6cm/s and its initial displacement is s(0) = 9cm. Find its
position function s(t).

Solution:

v′(t) = a(t) = 6t+ 4 find the antiderivative.

v(t) =
6t2

2
+ 4t+ C simplify.

v(t) = s′(t) = 3t2 + 4t+ C find the antiderivative again.

s(t) =
3t3

3
+

4t2

2
+ Ct+D simplify

s(t) = t3 + 2t2 + Ct+D use v(0) = −6, and s(0) = 9.

−6 = v(0) = 0 + 0 + C 9 = s(0) = DSimplify

−6 = C 9 = D Hence

s(t) = t3 + 2t2 − 6t+ 9
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Example 6. A ball is thrown upward with a speed of 15m/s from the edge of a cliff 140m above
the ground. Find its height above the ground t second later. When does it reach its maximum
height? When does it hit the ground.

Solution: We have v(0) = 15 and s(0) = 140. Since the motion is vertical then the acceleration
must be negative

v′(t) = a(t) = −9.8 find the antiderivative.

v(t) = −9.8t+ C usev(0) = 15.

15 = v(0) = 0 + C Hence.

C = 15 and

s′(t) = v(t) = −9.8t + 15 find the antiderivative

s(t) =
9.8t2

2
+ 15t+D simplify.

s(t) = −4.9t2 + 15t+D uses(0) = 140.

140 = D Hence

s(t) = −4.9t2 + 15t+ 140

The ball reach its maximum if v(t) = 0 ⇔ −9.8t+ 15 = 0 ⇔ t =
15

9.8
≈ 1.53s.

The ball hit the ground when s(t) = 0 ⇔ −4.9t2+15t+140 = 0 ⇔ t =
−15±√

(15)2 − 4(−4.9)(140)

2(−4.9)
=

15 +
√
2969

9.8
≈ 7.1s �
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