
Laguerre polynomials

Equation xy
′′  1 − xy ′  ny  0, n ∈ N0

Definition Lnx 
n

k0

∑ −1k n!
k!2n − k!

xk, x  0, n ∈ N0

G.F e−
xt

1−t

1 − t



n0

∑ Lnxtn

Rodrigue’s Formula Lnx  ex

n!
dn

dxn x
ne−x, n ∈ N0

Recurrence Relations n ∈ N0

(R1) n  1Ln1x  2n  1 − xLnx − nLn−1x

(R2) Ln
′ x  Ln−1

′
x − Ln−1x

(R3) xLn
′ x  nLnx − nLn−1x

(R4) Ln
′ x  −

n−1

m0

∑ Lmx

Orthogonality



0

 e−xLnxLmxdx  n,m

The First Few Polynomials

L0x  1, L1x  1 − x, L2x  1
2 x

2 − 4x  2,

L3x  1
6 −x

3  9x2 − 18x  6, L4x  1
24 x

4 − 16x3  72x2 − 96x  24
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Hermite polynomials

Equation y
′′ − 2xy

′  2ny  0, n ∈ N0

Definition Hnx 
n
2

m0

∑ −1m

m!n − 2m!
2xn−2m, −  x  , n ∈ N0

G.F e2xt−t2 


n0

∑ Hnxtn

Rodrigue’s Formula Hnx 
−1n

n!
ex2 dn

dxn e−x
2
, n ∈ N0

Recurrence Relations n ∈ N0

(R1) n  1Hn1x  2xHnx − 2Hn−1x

(R2) Hn
′ x  2Hn−1x

Orthogonality



−

 e−x
2
HnxHmxdx 

2n 
n!

n,m

The First Few Polynomials

H0x  1, H1x  2x, H2x  2x2 − 1,

H3x  1
3 4x3 − 6x, H4x  1

6 4x4 − 12x2  3
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Legendre polynomials
Equation 1 − x2y ′′ − 2xy

′  nn  1y  0, n ∈ N0

Definition Pnx 

n
2

m0

∑ −1m 2n − 2m!
2nm! n − 2m!n − m!

xn−2m, |x|  1, n ∈ N0

G.F 1
1 − 2xt  t2




n0

∑ Pnxtn

Rodrigue’s Formula Pnx  1
2nn!

dn

dxn x
2 − 1n, n ∈ N0

Recurrence Relations n ∈ N0

(R1) n  1Pn1x  2n  1xPnx − nPn−1x

(R2) Pn1
′
x  Pn−1

′
x  2xPn

′ x  Pnx

(R3) Pn1
′
x − Pn−1

′
x  2n  1Pnx

(R4) xPn
′ x − Pn−1

′
x  nPnx

(R5) Pn
′ x − xPn−1

′
x  nPn−1x

(R6) x2 − 1Pn
′ x  n  1Pn1x − n  1xPnx

Orthogonality

1

−1

 PnxPmxdx  2
2n  1

n,m

The First Few Polynomials

P0x  1, P1x  x, P2x  1
2 3x2 − 1,

P3x  1
2 5x3 − 3x, P4x  1

8 35x4 − 30x2  3

Associated Legendre Polynomials Pnmx  1 − x2
m
2 dm

dxm Pnx, n,m ∈ N

Orthogonality

1

−1

 PnmxPkmxdx  2
2n  1

n  m!
n − m!

n,k
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Bessel Functions

Equation x2y
′′  xy

′  x2 − n2y  0, n ≥ 0

1st kind definition Jnx 


k0

∑ −1k

k! Γk  n  1
x
2

2kn
, x  0, n ≥ 0

2nd kind definition Ynx 
cosnJnx − J−nx

sinn ,

G.F e
x
2 t−

1
t  



n−
∑ Jnxtn

Recurrence Relations ∀n

(R1) d
dx
xnJnx  xnJn−1x

(R2) d
dx
x−nJnx  −x−nJn1x

(R3) xJn
′ x  xJn−1x − nJnx

(R4) xJn
′ x  nJnx − xJn1x

(R5) Jn
′ x  1

2 Jn−1x − Jn1x

(R6) Jn1x  Jn−1x  2n
x Jnx

Spherical Bessel Functions m ∈ N0

jmx  
2x

Jm 1
2
x

ymx  
2x

Ym 1
2
x

where
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Jm 1
2
x  2

 −1m xm 1
2 d

xdx

m sinx
x

J−m− 1
2
x  2

 xm 1
2 d

xdx

m cosx
x

Integral Representation Jnx  1




0

 cosn − x sind, n is a positive integer

where

cosx sin  J0x  2

n even

∑ cosn Jnx

sinx sin  2

n odd

∑ sinn Jnx

Parametric Bessel’s Equation

x2y
′′  xy

′  2x2 − n2y  0, n ≥ 0,  is a parameter

Orthogonality

a

0

 xJnxJnxdx  a
JnaJn

′ a − JnaJn
′ a

2 − 2 , if  ≠ 

a

0

 xJnx2dx  a2

2
Jn
′ a

2
 1

2
a2 − n2

2 Jna2, if   
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