sample Problem JEFY

A small airplane leaves an airport on an overcast day
and is later sighted 215 km away, in a direction making
an angle of 227 east of due north. How far east and
north is the airplane from the airport when sighted?

il We are given the magnitude (215 km) and

the angle (227 east of due north) of a vector and need (o
find the components of the vector,

Calculations: We draw an xy coordinate system with
the positive direction of x due east and that of y due
north (Fig. 3-10). For convenience. the origin is placed at

the airport. The airplane’s displacement d points from
the orgin o whede the airplane is sighted.

To find the components of d. we use Eq. 3-5 with
0= 687 (= 90" - 22):
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d, = dcos d = (215 km){cos 68%)
= 81 km [Answer)
d, = dsin 6 = (215 km){sin aE")
= 199 km = 2.0 % 1{F km. (Answer)

Thus, the airplane is 81 km cast and 2.0 = 1(F km north
of the airport.

For two decades, spelunking teams sought a connection
between the Flint Ridge cave system and Mammoth
Cave, which are in Kentucky, When the connection was
finally discovered, the combined syvstem was declared
the world's longest cave (more than 200 km long). The
team that found the connection had to crawl, climb, and
squirm through countless passages traveling a net
2.6 km westward, 3.9 km southward, and 25 m upward.
What was their displacement [rom start Lo finish?

We have the components of a three-dimen-
sional vector, and we need fo find the vector’s magni-

tude and two angles 1o specily the wector's direction,

Horizontal Components: We first draw the compo-
nents as in Fig. 3-1la. The horizontal components
(2.6 km west and 3% km south) form the leps of a
horizontal right triangle. The team®s horizontal displace-
ment forms the hypotenuse of the triangle, and s
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magnitude d, is given by the Pythagorean theorem:
d, = V(2.6 km)® + (3.9 km)? = 4.69 km.

Also from the horizontal triangle in Fig, 3-11o. we see
that this horizontal displacement is directed somth of
due west by am angle &, given by

tan ), = —3'9 km
" 26km”
B kmn
S0 #, = tan~' e 56°, { Answer)

which is one of the two angles we need to specily the
direction of the overall displacement.

Overall Displacement: To include the vertical compo-
nent (25 m = 0.025 km). we now take a side view of Fig.
3-1la, looking northwest. We get Fig. 3-115, where the
vertical component and the horizontal displacement o,
form the legs of another right triangle. Now the team’s
overall displacement forms the hypotenuse of that -
nn&]c.wilh a magnimd.e :!'_E.i‘-'eu b:.-'

d = ‘\I(4.ﬁ'§" km)* + (0025 km)? = 4.69km
= 4.7 km.

This displacement is directed upward from the horizon-
tal displacement by the angle

D025 km
4.69 km

Thius, the team's displacement vector had a magmtude
of 4.7 km and was at an angle of 56° south of west and at
an angle of 037 upward. The net vertical motion was,
of course, insignificant compared with the horizontal
motion, However, that fact would have been of no
comfort to the team, which had to climb wp and down
countless times to get through the cave, The route they
actually covered was quite different from the displace-
ment vector.

( Arswer)

fi, = tan = .3, [ Amswer)
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Figure 3-16w shows the Tollowing three vectors:

(42 m)i — (1.5 m)j,
=(—16mi + (29 m).

i
b
¢ = (=37m)j.

and

Calculations: For the x axis, we add the x components of
d, b, and ¢, to get the x component of the vector sum ¥:

r.!'TﬂJ.+'b.!'+{'.T
=42m-=16m+0=26m.

Similarly. for the y axis,

re=a,+ b, +c
=15m+29m=37Tm=

23 m.

We then combine these components of 7 to write the
vector in unit-vector notation:

T = (2.6mi — (2.3 m)j, { Answer)

where (2.6 m)i is the vector component of ¥ along the
x axis and —(2.3 m)j is that along the v axis. Figure 3-164
shows one way to arrange these vector components to
form 7. {Can you sketch the other way?)

We can also answer the question by giving the mag-
nitude and an angle for ¥, From Eq. 3-6, the magnitude is

r=Y(26m)2+(-23m)’=35m (Answer)

and the angle {measured from the +x direction) is

—2.3m
# = tan J(—

2.6m
where the minus sign means clockwise.
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) = —41%,  (Answer)

What 15 their vector sum F which is also shown?

Mbisketll We can add the three vectors by compo-

nents, axis by axis, and then combine the components tis
write the vector sum ¥,
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Here is a problem invalving vector addition that carreor be
solved directly on a vector-capable cakculator, using the
vector notation of the calculator. A fellow camper is o
walk away fromm you in a straight line (vector A, urn, walk
in a second straight lime (vector Fj and then stop. How far
st you walk i a straight line (vector C) to reach her?
The three vectors (showmn in Fig, 3-18) are related by

C=4+B. (3-16)

A has a magnitude of 22.0 m and is directed at an angle
of —47.0° {clockwise ) from the positive direction of an
x axis. B has a magnitude of 17.0 m and is directed coun-
terclockwise from the positive direction of the x axis by
angle Cisin the positive direction of the x axis. What
is the magnitade of C7

klaall We cannot answer the question by adding
A and 8 directly on a vector-capable calculator, say, in

the generic form of
[magnitude A 2 angle A] + [magnitude B £ angle B)

because we do not know the value for the angle ¢ of B.
However, we can express Eg, 3-16 in terms of compo-
nents Tor either the v axis or the y axis

Caleulations: Since C is directed along the x axis, we

choose that axis and write
C,=4,+18,

We next express each x component in the form of the
x part of Eq. 3-5 and substitute known data. We then have

Ceos(® = 220 cos{—47.0°) + 170 cos . (3-17)

However, this hardly seems to help, because we still
cannot solve for Cwithout knowing g
Let us mow express Eqg. 3-16 in terms of components
alomg the y axis:
C,= A, + B,

We then cast these y components in the form of the
y part of Eq. 3-5 and substitute known data, to wrile

Csin 0% = 220 sind —47.07) + 170500 ¢,
3
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which vields
0 = 22.0sin{ —47.0°) + 17.00sin ¢.
Solving for ¢ then gives us

220 sin( —47.0F)
1700
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$=sin"' — = TL17"

Substituting this result into Eq. 3-17 leads us to

C = 20,5 m. { Answer)

Muote the technigque of solution: When we got stuck with
components on the x axis, we worked with componenis
ot the y axis, to evaluate . We next moved back to the
x axis, to evaluate

What is the angle ¢ between @ = 301 — 40j and b =
—2.00 + 30k? (Cawtion: Although many of the follow-
ing steps ¢an be bypassed with a vector-capable caloula-
tor, you will learn more about scalar products if, at least
here, you use these steps.)

KEY IDEA : .
The angle between the directions of two

vectors is included in the definition of their scalar prod-
uct (Eq. 3-20):

@+ b= abcos o (3-24)

Calewlations: In Eq. 3-24_a is the magnitude of &, or

We next apply Eq. 3-20 to each term in this last expres-
sion. The angle between the unit vectors in the first term (i
and i } is (F, and in the other terms it is 90°. We then have
dob= —(60)1) + (9000) + (B0)0) — (12)(0)
= —6.0.
We next apply Eq. 3-20 to each term in this last expres-
sion, The angle between the unit vectors in the first term (i
and i} is 0, and in the other terms it is %0° We then have
b= —(6.0)1) + (9.000) + (R.0)0) — (12)(0)
= —h.0.

Sample Problem

a = 307 + (—4.0) = 5.00, (3-25)
and b is the magnitude of &, or
b= ‘1'{—1.(}]1 + 3.0% = 3,51, {3-26)

We can separately evaluate the left side of Eq. 3-24 by
writing the vectors in unit-vecior notation and using the
distributive law:
@b = (300 - 400)-(-2.00 + 3.0k)
C(3.00) - (=2.00) + (3.00) - (3.0k)
+ [—4.00)- (=2.01) + ( —4.01)- (3.0k).
Substituting this result and the results of Egs. 3-25 and
326 into Eq. 3-24 vields
—6.0 = (S.O03.61) cos ¢,
—6.0
(5.00)(3.61)
Substituting this result and the results of Egs. 3-25 and
26 into Eq. 5-24 vields
—6.0 = (5.00)(3.61) cos ¢,
—6.0
(5.000(3.61)

s0 = cos™! = 108" =110F. (Answerd

50 = cos”! = 108° =110°. (Answerd

Hd=3—4jand b = -2i + 3k, what is T =@ x 07

sl When two vectars are in unit-vector nota-

tion, we cam find their cross product by using the distribe
utive law,

Calculations: Here we wrile
7= (3 - 43) X (=% + 3k)
=38 x (—20) + 3 x 3k + (—4j) x (-2)
+ {—4j) % 3k.

We next evalwate each term with Eq. 3-27, finding the
direction with the right-hand rule. For the first term
here, the angle ¢ between the two vectors being crossed
is 1. For the other terms, ¢ is 90°. We find

g = —6(0) + % —j)+ 8(—k) — 12

- =13 -9 -8k
This vector ¢ is perpendicular to both @ and ?;.' a fact
you can check by showing that &-d = Oand - b = ; that
is, there is no component of T along the direction of

either @ or b

[Ar!su.ri;r]l




