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Introduction

Our earlier look at the mathematics of
wave motion concentrated on the
description of a single wave.
However, much of Optics involve the
superposition of waves in one way or
another. Basic processes of reflection
and refraction can only be treated
satisfactory in terms of overlapping of
waves.
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The Superposition Principle

recall that the individual components of a wave satisfy the
Laplace equation

1 7%y A LINEAR
EQUATION
02 A2 Q

Vzw —

If v, and y, are independently solutions of the wave equation,

then the linear combination of them, v = y, + v, is also a
solution

| This is known as the principle of superposition |

Superposition of EM wave can be expressed in terms of E or B

-

E:E1+E2 : B=I§1+I§2
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Superposition of waves € same o

lets consider waves which have different
amplitudes and phase but the same frequency

E, =E,, cos(ks,—ot+q,) E,=E,,cos(ks,—ot+e,)
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Superposition of waves € same o
E, =E,, cos(ks, —ot+¢,) E,=E,,cos(ks, —ot+¢,)
o, =Ks, + @, o, =KS, +,

E, =E,, cos(a, —ot) E,=E, Cos(oc2 —oot)

The phase difference...

Optics 311 - Superposition of 1
Waves

//:// a, —ay =K(S, =S, )+ (P, — ¢, )
/ ¢ E, =E, +E, =E, cos(a, —ot)+Eg, cos(c, — ot)
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Superposition of waves € same o

E. =E, +E, =E,, cos(a, —ot)+E,,cos(o, —wt)
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Superposition of waves € same o

E. =E, +E, =E,, cos(a, —ot)+E,,cos(o, —wt)

1.5
il
£ 0.5
0

—0.5

—
—1.5

1.5
1
2 0.5
0

—0.5

—1
—1.5

1.5
i
Er 0.5
0

—0.5

—]

—1.5

:VU VV E.=E, +E,

" = E,, cos(a, — ot )+ E,, cos(a, + 2mm — ot)

N AN NN :(E01+E02)COS(OL1—(D'[)

WY

()

Optics 311 - Superposition of A
Waves



Superposition of waves € same o

E. =E, +E, = E,, cos(o, — wt)+E,, cos(ot, — wot)
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Superposition of waves € same ®
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E. =E, +E, =E,, cos(a, —ot)+E,,cos(o, —wt)

For simplicity, to find the resultant
field, we use the complex form and

phasor diagram..

E.=E, +E,
_ RE( E01ei(a1—0)t) n Eozei(az—mt)

= Re(e ™" (Eqe™ +Eq 8" )

| i i i
. Ee " =E, " +E, "

E, =Re(Ee“™")

We use phasors
=E,cos(a—wt) l P l
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Superposition of waves € same ®

|
|
|
| .
E, Ey, E, E,, : r Eq, sin a,
|
o a, - |
E T L2
01 Ey , |
| | -
a, a, : : Ey sin
(a) e P  Tp—
E,, cos a, E,, cos a,
2 = 2 (b)
Eo =Eo +Eq, +2EyEg, c0s(0; —0,)

: : E,cosa=E,cosa, +E,,cosa,
E,. Siha, +Eg,SIna,

E, cosa, +E,,cosa,

tano = E,sina=E,sino, +E,, Sina,
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Superposition of waves € same ®

General | Phasor diagram — more than two waves |

N oy
> Eyisina, N\
tan o = Eo,
A E03
> Eqicosa, 7 "
. o 3
=1 / =
#
E, /
N N ;> Ebz
2 - 2 2 X% _
Es =(D_ Eqsina; )’ +(D>_Eycosa;) Ao Eo
=1 i=1 / @,
N N N
2 2
Eo=> Eg+2> > EqEq cos(a;—a;)
i=1 > i=1
Optics 311 - Superposition of VY

Waves



RANDOM AND COHERENT SOURCES

= = ZN:E(Z)i +22N:ZN:EOiEOj cos(o; -0 )
=1

i =l
Random phase Coherent phase
) N ) ) N N N
E, :ZEOi = NEg, Eo =2 Ea+2) D> EuEy,
) i=1 i>i =l

N 2
ES :(ZEOij :(NE01)2 — NzEgl

i=1
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STANDING WAVES

Two waves with equal amplitudes traveling in the
directions +x and —x add as:

Mirror E, =E, sin(wt —kx — @ ) [ € To the right |

E, =E, sin(ot +kx) [ € Totheleft |

=0 E. =E, +E, = E, [sin(ot + kx)+ sin(ct —kx + ¢, )
B, =ot+kx , PB_=ot-—kx—oy

Sinp, +sinf_= Zsin%(ﬁ+ +B_ )cos%(ﬁ+ —B_)

Optics 311 - Superposition of V¢
Waves



STANDING WAVES

‘ There is a & phase shift upon reflection ‘

Mirror E, =E, +E, = E, [sin(ct + kx )+ sin(cot —kx + g )
Pr_ T
2 2

E: =2E, cos(kx + (P?Rj sin(mt —(P—ZRJ

E. =(2E, sinkx)cos mt

Node Node Node T 3T 5T
2

Space dependent

+2E, — . )
’ 2 2 amplitude

7’
Node
~

E. =A(X)cos wt

—2E, — t=0,T,2T,...
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STANDING WAVES

ok, Node Node Node r:%,%,%]*v“ ER :A(X)COS(Dt
oo HCA(X):ZEos,lnkx
—2E, — t=0,T,2T,. ..
There exist values of x for which A(x) = 0 ‘
sinkx=0 kX=2—;fX=mTc m=0+1+2,...
A A . 3L These are called
X=m|— [=0,—,A,—,... e
2 2
2T T T __ 3T Anti-nodes
(DtZZTCVt:(?jt:mTC jt:m(EJZO,E,T,7,... occur at time..
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STANDING WAVES

Mit:ror AR Mi[ror
) 2

‘ The normal modes of a standing wave ‘

(xmj . |
d=m 7 ,mlsanonzeromteger

‘ The wavelength and frequency of the standing waves modes ‘
2d C C
7\4m = — : Vm =—=M| —
m A 2d
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THE BEAT PHENOMENON

Two waves with equal amplitudes with
DIFFERENT frequencies but with the same speed
(non-dispersive medium)

E, = E, cos(k,x — )
E, = E, cos(k,x —,t)

E. =E, +E, =E,[cos(kx —m,t)+cos(k,x —m,t)]

a=kx—ot , B=kXx-—o,t

COSOL+COSBE2COS%(OL+[3)COS%(OL—[3)

E. =2E, COS{(kl_;kZ)X—((Dl_;(DZ)t}COS[(klgkz)X—((Dlg(%)t}
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THE BEAT PHENOMENON

E. =2E, COS|:(k1_;k2)X—((D1_|2_(D2)t}COS{(klgkz)X—((Dlg(})Z)t}

:(k1+k2) o :((01"'0)2) K :(kl_kz) o (o—w,)

% 2 L 2 : 2 2

E, =2E, c:os(kpx — oopt)cos(kgx — mgt)

Envelo
\/ -~
\ 4

- .;\ I +2E,
AT SN T A
\ \ 4 k Jﬁ/ I/ | Carrier wave moves with
/ \ / \ phase velocity v,
\

\ / \ /
\ \ 1
‘. / \ \Y4
3 T A

(b)
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THE BEAT PHENOMENON

Envelope mowves with group velocity v,

d
n\\

Val
Vs
V;

hiA

-

——>— Carrier wave moves with
phase velocity vy,

(b)
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8
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PHASE AND GROUP VELOCITIES

Any pulse of light can be viewed as a superposition
of harmonic waves of different frequencies.

The duration of the pulse is inversely proportional
to the range of frequencies.

Envelope mowves with group velocity v,
—— 42FE —~ vl
~ 0 J” n\ >~ . ,n..-—
i b L4 - . .
M, rad A ¥ n\ ra F———a— Carrier wave maoves with
LY r LY r LY 4 rhase wvelocity vy,

(b)
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PHASE AND GROUP VELOCITIES

EM waves of different frequencies travel with
different speeds through a given medium

dispersion

Phase velocity: The velocity of the harmonic waves
that constitute the signal.

Group velocity: The velocity at which the positions
of maximal constructive interference propagate.

i Carrier wave mover with phase velocity
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PHASE AND GROUP VELOCITIES

L _O)p_wl_l_mZ:g U:V}\.ZQ _wg_®1_®2~d(0
Tk, k+k, K K % T TRk, dk
p 1 2 g 1 2

o=0,=0 , K=Kk,=k
The relation between phase and group velocities
_ dow _ i 3 do,
Ug—d—k—dk(kup) Ug_Uerk(Wj
In non-dispersive In dispersive
medium medium
do d(c) —-c(dn
%zO = (_j: 2( j dn<O|Ug<Dp|
dk dk dk{n n°\dk/ |[dA
;
Bps gt Ly =V, 1_E(d_nj L, =V, 1+& d_nj
n\ dk n\ dA
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