Workshop Solutions to Section 3.3

2x+3; x=-2 th
2x+5; x <=2 en
lim  f(x) =

x-(-2)"

1) If £G) = {

Solution:

x_)l%ir%)_ fx) = x_)l%g)_(Zx +5)=2(-2)+5=—4+5

2x+3; x=>-2

2) If G0 = {Zx +5 x< -2 then
edim, S0 =
x_)l%r_r;)Jrf(x) = x_)l%r_‘g)Jr(Zx +3)=2(-2)+3=—-4+3

(2x+3; x=-2 _(x2—2x+3; x>3
3) If f(x)—{2x+5; <2 then 4) If f(x)_{x3—3x—12; <3 then
Jm, fG0) = lim £(x) =
Solution: Solution:
xll}{lz f(x) does not exist because ,}E?—f(x) =,}LI§1-(x3 —3x—12) = (3)3—3(3) — 12
im_f(x) * Jim f() =27-9-12=6
lim f(x) = lim (x2 —2x+3)=(3)2-23)+3
x-3% x-3%
=9-6+3=6
lim f(x) = 6
x—3
x? —T7x; x <1 x? —7x ; x<1
5 If f(x) =4 5 ; 1<x<3 then 6) If f(x) =9 5; 1<x<3 then
3x+1 ; x>3 3x+1 ; x >3
i G = RS0 =
Solution: Solution:
i = 1li 2 _ = 2 _ = — = — i =i =
lim f (x)—J}erll_(x 7x)=(1)*-71)=1-7=-6 lim, f (x) Iim (5) =5
x? —7x; x<1 x? —7x; x<1
7)If f(x) =9 5 ; 1<x<3 then 8) If f(x) =3 5 ; 1<x<3 then
3x+1 ; x>3 3x+1 ; x>3
Ay 6 = RS0 =
Solution: Solution:
xll)r?r’l_f(x) =xllg1_(5)=5 xllggrf(x)=xllg1+(3x+1)=3(3)+1=9+1=1O
2 _ 2 —
0 e X2 4> 0 ) 0o e X —4>0 i
9) I xX) = then 10) | xX) = then
x2+x;6; xz _4< 0 x2+x;6’ xz _4< 0
4—x 4-x
lim f(x) = lim f(x) =
X—>2+ X2~
Solution: Solution:
{x2+x—6 |fx2+x—6
4ﬁ; x2—4>0 Qﬁ, x> —4>0
f(x)=|x2+x—6. s aes f(x)=|x2+—x—6. e
k4—x2’x_< k4—x2'x
x2+x—6. 2o4 x2+x—6. 254
_ x2—4'x> _ ] x2—4 %
a x2+x—6. 2 <4 - x2+x—6. 2 < 4
~e2-9' " RN
(x+3)(x—2) (x+3)(x—2)
_J (36—2)(x+2)'|x|>4 _ (x—2)(x+2)'|x|>4
) 3 —-2) ] e+ -2)
—(x=2)(x+2)’ Il <4 —(x=2)(x+2)’ ol <4
x+3 x+3
m; x>2o0rx<-2 m; x>2o0rx<-—-2
) x+3 then =) %+3 then
-—— —2<x<2 -——; —2<x<2
2 3y ()+3 5 s @+3 5
x + + X
. o _ _5 i i (_ )=_ _ 5
Jim 700 = Jim () =7 =3 Jmr00 = Jim (— ) = -5 =3




11) 12)
. |x—al . |x—al
lim = lim =
x=a~ X —a x-at X —a
Solution: Solution:

X —a ) >0 X —aQa ) 0
f(x)_lx—al_ x—a ¢ _{ 1, x>a f(x)—lx_al— x—a  *T%2 _{ 1, x>a
T x—a )—(x-a -1 x—a |—(x—a S ¥

x—a ( );x—a<0 1, x<a x—a ( );x—a<0 L, x<a
k—al " —(x—a) x—al _ (x—a)
xX—a —(x—a xX—a —
lim =lim ——=1lim (-1) = -1 = =lim()=1
x-a~ X —da x-a- X—da x-a~ x-at X —a x-»at x —a x—at
13) 14)
. |x—al . la—x|
lim = lim =
x-a X —a x-at X —a
Solution: Solution:
lim does not exist because la—x| \x—a ' *°F%
x—»a X —Qa f(x): _ = _(a_x)
lim x—al i X~ al x—a —; a—x<0
x-a~ X —da x-at X —a _x(x__aa) .
. . . _) x—a '’ a>x_{_1;x<a
Itis clearly obvious from questions (11) and (12) above. =) x-a) 1 1 x>a
; a<x
“lat x|
a—x
lim =1lim@) =1
xoat X —a x—at
15) 16)
. la—x] . la—x|
lim = lim =
x>a- X —a x-a X —a
Solution: Solution:
a-x —x>0 . |a—x| .
la—x| |x—a '+ %¢°F% lim does not exist because
f(x) = = x-a X —Aa
x—a | Ze=0 . _, _Ja=x| _la—x]
x—a ' lim # lim
—(x —a) x-a” X —a x»at x —a
x—a 7Y (1 x<a
= (;:_ g) = { 1f x>a It is clearly obvious from questions (14) and (15) above.
; a<<x ’
la—x|
a—x
lim = lim (-1) = -1
x-a~ X —Qa x-a_
17) 18)
|x + al |x + al
im = im =
x~>(a)” x+a x>(-a)t x +a
Solution: Solution:
X +a _ x+a _
f(x)—|x+a|— x+a ,x+a>0_{ 1, x>-a f(x)—|x+a|— x+a ,x+a>0_ L, x>-a
- T )—(x+a -1 < - - T )—(x+a -1 x< -
X+a ¥;x+a<0 x ¢ x+a g;x+a<0 x @
Tx+al i+ al
x+a x+a
im = lim (-1)=-1 im = lim (1)=1
x>(-a)” x+a x-(-a)” )t x+a  x-(-a)t
19)
o |x+al
lim =
x--a X +a
Solution:
. |x+a .
lim does not exist because
x-—-a X +a
|x + al |x + a
im im
x->(-a)” x t+a x->(—a)t x +a

Itis clearly obvious from questions (17) and (18) above.




20)

Solution:

2x —|x|
x2 + x|

f&) =

0% X2 + |x|

kx2+( —x)’

; x>0={(—

wt| =

im =
x—0* x2 + |x|

21)

22)

Solution:
2x — |x|

lim

x-0x% + |x

Itis clearly obvious from questions (20) and (21) above.

x=0 x% + |x|
does not exist because

x-0+ x2 + |x|

2x — |x|
lim ———=
x—0~ x% + |x]|
Solution:
2x — |x| ) 3 3
lim ———= =——=-3
-0 x4+ |x|] x-20"x—-1 0-1
23)
cosx —sinx
im————=
x_,%cos X —sin“x
Solution:
cosx —sinx ; cosx —sinx

im =
xﬁ% cos? x —sin?x X (cos x — sinx)(cos x + sinx)

24)

Solution:
cos®?x +2cosx —3

cos’x +2cosx —3

m =
x-0 2cos?x —cosx — 1

(cosx + 3)(cosx — 1)

im
x-0 2cos?x —cosx — 1

A (2cosx + 1)(cosx — 1)
cos(0) + 3

~ 2cos(0) +1

im
x-02cosx + 1

1 1
= lim =
x> COSX +SINX  gog (%) + sin (%)
1 1 V2
"1 1722
V2 N2 N2
25)
JlCiI)r(l)(sin2 x+3tanx —4) =
Solution:

lirr(l)(sin2 x + 3tanx — 4) = sin?(0) + 3tan(0) — 4
X—
=0+3(0)—4=—4

26) If m = 0, then

Solution:

x-0

= Zm==
m

27) If m # 0, then

. tan(nx)
lim =
x>0 mx
Solution:
tan(nx n tan(nx n n
lim ( )=—lim ( )=—(1)=—
x—0 mx m x-0 nx m m




28) If m # 0, then
nx

lim— =
x-0 sin(mx)
Solution:
nx n _ mx

=2
m

lim —_ = lim e E——
x-0sin(mx) mx-o0sin(mx) m

29) If m # 0, then

nx

lim———=
x—0 tan(mx)

nx n

mx

“tp=2
m

lim ———— =—Ilim———
x>0tan(mx) mx-otan(mx) m

30) If m # 0, then

31) If m# 0, then

sin(nx) sin(nx)
—_— im——-=
x-0 sin(mx) x—0 tan(mx)
Solution: Solution:
sin(nx) n /. sin(nx) mx sin(nx) n /. sm(nx)
1m_—=—(lm )<hm_—) im—————= ( )( )
x-0sin(mx) m\x-0 nx x-0 sin(mx) x-0tan(mx) m 50 50 tan(mx)
= Zmw== PN
m m m m
32) If m # 0, then 33) If m # 0, then
tan(nx) tan(nx)
im————=— = im——= =
x-0 tan(mx) x-0 sin(mx)
Solution: Solution:
tan(nx) n ( ) tan(nx)) ( ) tan(nx) n ( ) tan(nx)) ( )
im——— im——
x-0tan(mx) m 20 x50 tan(mx) x-0sin(mx) m 50 50 sm(mx)
= Zmw== =2ww==
m m m m
34) 35)
~ sin(1 — cos x) sin(sin(2x))
lim—— = _— =
x>0 1—cosx x=0 sin(2x)
Solution: Solution:
lim sin(1 — cos x) _ sin(sin(2x)) _
x-0 1—cosx x>0 sin(2x)
36) 37)
1 — cos(2x
lim 1520 _ 1 s
x—0 x? lim [——-—-+4=
Solution: xXoo Xt X
 1—cos(2x) _ 2sin’x ~ /sinx\? Solution:
lim————— =1lim =2lim (—)
x—-0 x2 x—0 XZ x—0 X 1 3 1 3
. 2 .
sin x lim ———+4 llm(———+4)=\/0—0+4
=2 (llm —> = 2(1)2 =2 X—00 xz X—co xZ X
x-0 X
=2
38) 39)
i 1 I 3x + 15 _
Im\Znt2)= . xoow 9x2 + 4x — 13
Solution: Solution: Is
1 24 4 1D
lim <—+2>=0+2=2 - 3x+15 . X2 " x?
o= \x /s 09 1 4x — 13 i‘iﬂ‘o% 4x 13
x%  x?  x?
15 040
X x2 _ 9+0
_;313909 4_13 94040
2
X _ x




40) 41)
i 3x2—8x+15 . 3x2—8x+15
$ow9x2 + 4x — 13 xobo OxZ t 4x — 13
Solution: Solution:
3x2 8x 15 3x%2  8x 15
3x2-8x+15 = Sz o2 T2 3x2—8x+15 | 2 ezt 2
lim ———— = lim =——2>——>— lim ————— = lim
x509x2 +4x — 13 x> 9x2  4x 13 x5-09x2 + 4x — 13 x-—-00 9x2 4x 13
x2 T x2 7 x2 —x2 + —x2  —x2
8 1 8 15
o 3-3+37 3-040 1 343 -3% -340-0 1
= lim X X = = — = lim X X~ _ —
x—>009+£ 13 9+0+0 3 x—)—00_9_é E -9-0+0 3
X x? X x?
42) 43)
lim 3x° —8x+15 lim 3x° —8x+15
x—>009x2+4x—13 x—o— oo9x2+4x—13
Solution: Solution:
3x°> 8x 15 3x°> 8x 15
_ 3x°—8x+15 . 7 2tz _ 3x°—8x+15 2T Ttz
lim ——————— = Jim XXX lim =————— = lim =X
x>09x2 +4x — 13  x-»9x 4x 13 x—>-09x2 +4x — 13 x--o 9x 4x 13
x2 T x2 T x? 2t 2T T2
8 15 8 15
3x° =337 3(0)—0+0 —3x°+3 -7 —3(—0)+0-0
= lim X _x-_ = = lim X _x- _ = —
X—00 4 13 9+0+0 x--0 o 413 —-9-0+0
9 > 9 + 2
X x X x
44) 45)
lim (\/x2—3x+7—x)= lim (w/x2+x—x)=
X—00 X—00
Solution: Solution:
lim (\/x2—3x+7—x) lim (\/x2+x—x)
X—00 X—00
(VxZ=3x+7 +x) VxZ+x+x
= lim |(vx2—-3x+7—x ] =lim[\/x2+x—x —]
W[( ) T Jim |( T rxtx
i <(x —3x+7)—x> . ( —3x+7 —lim((x +x)—x>
= lim = lim =
O\ V? —ax 4741 ) e\ — 3kt 7 4x oo \ Vi 2 +x
—=3x_ 7 = lim ( )
= lim X + x=o0 \\x2 4+ x + x
x—’°°\/x2—3x+7+x { 1
X x = lim = lim
7 X—00 ‘/xz + x x X—00 xz x
—3+= = S+5+1
li X x x2 x2
= lim
e ——— = lim
x2 XZ XZ X—00 1 1/1_|_ 0+1 ]__|_1
7 1+=+1
-3+ = X
= lim = )76 1
X—00 —
2. 2
1-2+5+1
_ -3+0 -3 3
Ji-0+0+1 1+1 2
46) 47)
lim (x? —5x + 4) = lim (x* —2x3+9) =
X— 00 X—>—00
Solution: Solution:
x2 5x 4 x* 2x3 9
lim (x? —5x+4)—llmx -+ lim (x* —2x34+9) = llmx ———t=
x—00 x2 x2  x x> —00 x*  x x
_ 5 4 a2 9 .
= lim x? (1——+—) = (0)?(1-0+0) = oo = lim x (1——+—) =(—0)*(1-040) =
xX—00 x x?2 X——00 x x*
OR OR

lim (x? — 5x + 4) = lim (x?) = o

X—00 X—00

lim (x* —2x3 +9) = llm (x4)—oo

X—>—00




48) 49)
3x2—-8+2 ] 3x2—-8+2
= lim =
x——00 x+5 x>0 x+5
Solution: Solution:
3x2—-8 2 3x2—-8 2
3x2—-8+2 ) — = ) 3x2 -8+4+2 X +=
= lim lim = lim
X——00 x+5 xo=o X i x>0 x+5 xX—00 X + E
-x  —x x X
3x2-8 2 3x2 8 2 3x2 -8 2 3x2 8 2
2 x 2 ¥ x 2 x x AT
= lim z = lim z = lim = = lim =
X—>—00 X—>—00 X—00 X—00
e X -1- X 1+ X 1+ X
8 2 8 2
3-327x V3-0-0 Bty V3-o+o0
= lim X —V/3 = lim X X - =3
X——00 5 —-1-0 xX—00 5 1+0
-1 - X 1+ X
50) The horizontal asymptotes of 51) The horizontal asymptote of
3x2—-8+2 _1-—x
f)=—"-— f& =53
Solution: Solution:
First, we have to find First, we have to find
3x2 —8 +2 lim 21_x1
x—too x+5 xokeLx
1 x 1
Itis clear from the previous questions (48) and (49) that I 1-x I x X _ 1 P 1 ~0-1 1
C 3xZ—8+2 ioe2x + 1 xow2X 1 xbw., 1 240 2
lim ———— =+/3 =+3 24—
x—00 x+5
e 3x2—8+2 1 L_x L1 0+1
i —X o TE = o =t h_
x—>—00 x+5 =-V3 xl@w2x+1_xl—l>rpooz_x L_xl—l}—nOO_Z_l_—Z—O
—-X  —X X
Thus, the horizontal asymptotes are - _ -
2
y= +V3 Thus, the horizontal asymptoteis y = —%
52) The horizontal asymptote of
7x% +5
f® =377
Solution:
First, we have to find
" 7x% + 5
X0 3x2 + 2
7x% 5 5
7x*+5  ztaz Ttz 740 7
im = lim = lim ===
x>0 3x2 + 2 x—>oo3i+£ x—>003+£ 340 3
x2 | x2 x?
21 s 7x? 5
x“ + —x2 T 42
0 3x2 + 2 xonte3x2 2
—x2 " T2
5
. 7= —7-0 7
Tatw o2 —3-0 3
p)
x

Thus, the horizontal asymptote is y = g




53) The horizontal asymptote of

54) The horizontal asymptote of

o) Vx2 +2x—3 f() V2x — 3
e —— X)) =————
I 2x +7 2x2 +7x —1
Solution: Solution:
First, we have to find First, we have to find
o Vx?+4+2x-3 I V2x — 3
o T ot 7 x>+ 2x2 + 7x — 1
Vx2 +2x—3 vV2x —3
I \/x2+2x—3_l_ - x I V2x — 3 i X2
e 2x+7  xow 2% 7 w2 47— 1 w2 Tx 1
X X xZ x2 x2
x2+2x -3 ﬁ+2_x 3 2x — 3 2x 3
2 2 2 32 7 ==z
= lim X7 = lim d 7 x = lim % = lim x7 xl
X—00 2 A X—00 2 A xX—00 /1 X —00 /1
+ X + 2+ X 32 2+ X %2
2 3 2 3
y 43~ % VI+0-0 1 X xf 0-0
= lim == =l = = —=
x—00 2+Z 240 2 g&z.FZ_L 24+0-0 0
X X x2
Vx2 +2x -3 V2x =3
lm\/x2+2x—3_ - = . ox —3 ~ —
xomeo  2x +7 xomc0  2X | 7 o 202 £ 7x — 1 xomeo 262 7x 1
—X —-x —-X
x24+2x—3 x2 2x 3
2 te e 2x 23 -3
= lim lim ; x* ; xt  x*
X——00 7 X——00 7 = hm = llm
—2—= -2 —= X——00 7 1 X—>—00 7 1
X b —2-—-+= —2-—-+=
> 3 X x X x
oy txTE vi¥o-0 1 2_3
= Jim 7  —2-0 2 = Jim XXX 0-0 _i_o
mme = e xo-0 o, 7, 1  —2-0+4+0 =2
) x 2 x+x2
Thus, the horizontal asymptotes are Thus, the horizontal asymptote is
=+ 1 = 0
y= *3 y =
55) 56)
) 4x2 -8+ 3 ) 4x2 -8+ 3
lim = lim =
X——00 x+1 xX—00 x+1
Solution: Solution:
4x2 -8 3 4x2 -8 3
4x2 -8+ 3 ) “x +—_x ) 4x%2 -8+ 3 ) X +=
1 = lim lim ——— = lim
X—>—00 x+1 X—>—00 X 4 i xX—00 x+1 xX— X + l
—-x  —X X X
=8 _3 478 3 =8 3 478 3
. 2 x xZ  x? x . x2 x . x2 x? x
= Am T =, hm, 1 = Am T~ lm 1
-1- X -1 ~3 1+ X 1 +;
4 8 3 4 8 3
N i R *Taty VE=0+0
= lim = =-2 = lim
x—>=00 _1_1 -1-0 x—00 1+l 1+0
X X




