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Abstract

Fields of industrial and engineering are concerned with the dynamics of fluids.
In particular, the study of the dynamical behavior of a fluid near a surface, this is
known as boundary layer problems. There are many differential equations
arising in boundary layer theory, here we study two of them. One of these
differential equations is the boundary layer equation (BLE) of the third order
autonomous nonlinear differential equation

nr

_ f*+Bff -af?=0. _
The other is the Falkner-Skan equation(FSE) which is also of the third order
autonomous nonlinear differential equation

o+ +20-f=o0.

In this research we analyze these boundary layer equations using a group
theoretical method known as symmetry method. At first, we outline the basic
concepts and definitions of the method. Second, we obtain the symmetry groups
admitted by the boundary layer equations. Third, we reduce the order of the
boundary layer equation to quadrature, also we reduce the order of the Falkner-
Skan equation to the second order using the symmetry groups. Furthermore, we
give a general solution of the boundary layer equation for the special case
when = 2a. Finally, we construct invariant solutions of the boundary layer
equation from the symmetry group. To our knowledge, there has been no study
concerning the symmetry analysis of these equations in the literature.
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CHAPTER 1

FUNDAMENTAL CONCEPTS OF LIE GROUPS

1.0 Introduction

Lie group of transformations is an important tool since it is used to find the
invariant solutions of differential equations. There are methods to solve the
ordinary differential equations such as separable, homogeneous or exact
equations using special techniques. Lie discovered that these techniques are
special cases of a general method based on Lie group. This general method is
applicable to linear and nonlinear differential equations, and here lies the
importance of this method. Section 1.1 introduces the basic definitions of the
one-parameter Lie group of transformation. Section 1.2 deals with an important
formula related to the infinitesimal transformation of a one-parameter Lie group.
The relation between the global transformation and the infinitesimal
transformation and how we may find this relation are presented in Section 1.3.
The extended infinitesimal transformation is given in Section 1.4. Sections 1.5

demonstrates the concept of invariance.

1.1 One parameter Lie Group of Transformations

Before defining the one-parameter Lie group of transformations we will define

the group in general, which is one of the basic concepts in abstract algebra.
Definition 1.1.1. A set of elements G with binary operation = between its

elements is said to be a group if the following are satisfied :
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(1) If a and b are two elements of G, then axb is also an element of G.
(i1) The operation * is associative, i.e.
ax(bxc) = (a*b)xc.
(i1) There exists a unique element e of G such that for any element a of G,
a*e = exq = a,

e is called the identity element.

(iv) For any element a of G, there exists an element a1, such that
axal = alxa = e,

a’lthe inverse of a.

Examples 1.1.2.

(1) The set of integers Z with the operation axb= a+b forms a group.

(2) The set of all non-zero complex numbers with the operation axb=a.b forms a

group.
Definition 1.1.3. ([10], Definition 1.2.3). Let H be the set of transformations

Ta: x* = ¢(xlyla)1 (111a)

y' = xy,a). (1.1.1b)

in the (x,y) plane where a € R. H with the successive transformation as an
operation on it is said to be a one- parameter group of transformations if the
operation on H defines a Law of composition.
To Ty x™ = o(x",y".0) = o(x,y,r(a.b)),
Y= y"b) = lx,y,r(a,b)),
and if the following axioms hold:

(i) (Closure). If T,, T, € H, then T, T, = T, (a,n)€ H.

(i) (Associative Law). If T,,T,, T.,€ H, then T (TpT,) = (T,,T}) T..

(iii) (Identity). There exists an identity transformation



T,: x* = ¢(x,y,a) = x,
Yy =xy.a) =y,

which is characterized by the value a = e.
(iv) (Inverse). For every T € H there exists an inverse transformation

T,-1:x" =o¢(x,y,al),

y* = (xy.at),
which is characterized by the parameter (a1).
A group of transformations T, ;a € R defines a one-parameter Lie group of
transformations if in addition to the above axioms (i) — (iv) it satisfies the
following conditions:
(v) a is continuous parameter. Without loss of generality a« = 0 corresponds
identity element.
(vi) ¢(x,y,a) and ¥ (x,y,a) are infinitely differentiable with respect to x, y and
they are analytic functions in a€ R.
(vii) r(a,b) is an analytic function of a,b.
Examples 1.1.4.
(1) A group of translations in the plane
T,:x* = x,
y* =y+a,a€ER

Is an example of a one-parameter Lie group of transformations and corresponds
to motions parallel to the y- axis.
(2) A set H of transformation

*

T,: x* =e"(x cosa —y sin a),

y* =e€" (xsina +y cosa),
where a€ R.
(1) The set is closed since
T, Ty: x™ = ®(x*cosb — y*sin b)
= e’ {cosb[e®(x cosa — y sin a)] — sin b[e"(x sin a +y cosa)[}

= e"PLx cos(a+b) — y sin(a+b)],
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* %k

yro=¢ (x*sin b+ y* cosb)

= ¢"*PLx sin (a+b) + y cos(a+b)].

(i)
T,(T,T.) 1 x™ = ¢y cos[a+(b+)] — v sinfa+(b+A)]},

*okk - 6a+(b+

y
(T, T)T,: x™* = ™ ery cog[(a+b)+c] — v sin [(a+b)+c]},

Mo sinfa+(b+0)] + y cos[a+(b+]}

*kk +b)+
= o (atb)¥c

y {x sin[(a+b)+c] + y cos[(a+b)+c]}.
Since a+(b+c) = (at+b)+c , T,(T,T,) = (T,T,)T,. Hence the associative law is
satisfied.

(iii) If @ = 0 we have the identity transformation

(iv)
T, T, x™ =e “(x*cos(—a) — y*sin(—a))
= e" “(x cos(a—a) —y sin(a—a))
= x,
Yy = e “(x*sin(-a) + y*cos(—a))
= e" “(x sin(a—a) + y cos(a—a))
=y.
Hence the inverse transformation is
Te-1:x" = e “(x cos(—a) — y sin(-a)),
y* =e “x sin(-a) + y cos(-a)).
So, H with the successive transformation forms a one-parameter Lie group of
transformations since the definition 1.1.3 is satisfied. This group is called a
rotation group.

Example 1.1.5.Let H be the set of transformations



T,: x* =x++a,
yoo=y.
H is not closed since

TaTb:x**=x*+\/B=x+\/E+\/E,
andVa++vb # Va+b

Hence, H does not form a one-parameter Lie group of transformations.

1.2 Infinitesimal Transformations

In this section, we will deduce infinitesimal transformation from a one-
parameter Lie group of transformation. Moreover, we will define an important
formula called the infinitesimal generator which can be used to identify the
infinitesimal transformation and vice-versa.
In group theoretical methods, a one-parameter Lie group of transformations [7]
may take the form as global or infinitesimal transformations. A global
transformation has the form
x* = o¢(x,y,a), (1.2.1a)
v =y(x,y,a). (1.2.1b)
The infinitesimal form is derived by expanding (1.2.1a,b) in Taylor series about
a=0 where 0 is the value of the parameter corresponding to the identity
transformation

. Gy —0)% 9?2
x¥ = ¢(x,y,0) +(CL—O) (%) w= T (a o1 ) aaz)a =0

i 9 -0 2 82
y :¢(X,y,0) +(CI,—O) (a_zf)azo (a !) aaz)a =0

Letting £ = a — 0 where ¢ is an infinitesimal quantity, we have
x* = x+e€ (x,y) + o(e?), (1.2.2a)
y* =y +en(x,y) + o), (1.2.2b)




where £ (x,y) = (Z—j) =and n (x,y) = (Z—Z)azo. The transformation (1.2.2a,b) is

called the infinitesimal transformation and (1.2.1a,b) is called the global
transformation of the group.
Example 1.2.1. Consider the one-parameter Lie group of transformations
T,: x* =ax,
= (y+a).
To obtain the infinitesimal transformation, we first evaluate the infinitesimals:

E@y)=(Go)m = x,

_0y" _
n (x’y) _(a)azo - 1
Hence the infinitesimal transformations is

*

x* =x+ex +0(d),
y* =y +e+0()
Definition 1.2.2. The infinitesimal generator of the one-parameter Lie group of

transformations is the operator.
0 ]
X=E(xy)—+n (x,y)a-

Note that, for any differentiable function F(z,y):

(1) XF(x,y) = € () 2+ 1y () T2
(i) Xx = € (09) 52+ 7 (e) 2 = € (x.9).

(iii) X* = XX 1,

(iv) XOF(x,y) = F(x,y).

In Example 1.2.1, we found the infinitesimal transformations. The infinitesimal
generator of this transformations is:

0 0
X=x—+—.



1.3 Relation Between The Global Transformations and
The Infinitesimal Transformations

It can be seen from Section 1.2 that there is a relation between the infinitesimal
transformations and the global transformations. In this section we will introduce
theorems that determine specifically the relation between the two
transformations.
Let x = (x,y) lie in region DcR? and suppose that the one-parameter Lie group
of transformations is defined by
X = ¢(x,a),
with the infinitesimals £(x). Before stating the first fundamental theorem of Lie,
we will start by the following useful lemma.
Lemma 1.3.1.([8], Lemma 2.2.1-1)
¢(x,a + Aa) = ¢(¢(x,a), F(a",a + Aa))
Proof: We start the proof from the right hand side
H(p(x,a), H(a™a + Aa)) = G(X', (0 \a + Aa)),
but
o(X,b) = o(x,r(a,b)). (1.3.1)
Using (1.3.1), we obtain that:
H(X*, r(@ta + Aa)) = ¢ (x.1(a, 1@t a + Aa))).
Since r is associative, the above equation becomes
H(x*, r(ata + Aa)) = dx,r(r(a,at),a + Aa)
=¢ (X,r(0,a +Aa)).
where r(a*,a) = 0 is the identity of r.
Hence,
H(p(x,a), r(at,a + Aa)) = ¢(X,a +Aa).
Theorem 1.3.2.(First Fundamental Theorem of Lie, [8]). There exists a
parameterization t(a) such that the Lie group of transformations x* = ¢(x,a) is
equivalent to the solution of the initial value problems for the system of first

order ordinary differential equation.



ax*

—=£(x),
with
x*=xwhent=0.
In particular
7 (a)= foa I'(a)da,
where

or(&,6)
I'(a)= .
(a/) ( 66 )(5,6):((1_1,(1)

Proof: Suppose that there is an infinitesimal change Aa in the transformations

o(x,a+ Aa). Expanding the transformation in power series about Aa = 0

JdAx,a+Aa)
d(a+Aa)

o(X,a + Aa) — o(x,a) + ( Yrg=0 (aa — 0) +

o((Aa)’)

JdaA(x,a)
da

= X"+ Aa + o((Aa)?. (1.3.22)

From lemma 1.3.1, we have
P(X,a+Aa) = P(d(x,a), r(a*,a +Aa)).
First we will expand r(a *, a+ Ac) in a power series about Aa = 0

_ _ or(a la+4
rm{aﬂm)=maa@+(Tiwiwabmpowa_m+q@@6

or(a~t,
+ r(a™",a)

=0 Aa + 0o((Aa)?)

=T'(a) Aa + o((Aa)?),
Hence rewriting lemma 1.3.1 as:
p(x,atda) = ¢(¢(x,a), H(a,a +Aa))
= ¢(p(x,a), T(a) Aa + o((aa)*)
= ¢(x*, T(a) Aa + o((Aa)d).
Letting, b = I'(a) Aa, we have b = 0 when Aa = 0. Expanding the right hand side

of the above equation in power series about b = 0 (Aa = 0), we obtain:



Sx,a+80) = (H(x', T(a) 8a)eo + (D), b + o((aa))

= ¢(x",0) + I['(a) Aa € (x*) + 0((Aa)’) (1.3.2b)
Equating (1.3.2a) and (1.3.2b), we get:
22D =) € (),
2P € (),
da
with
x'=xata=0
In particular
7 (a)= foa I'(a)da = dr _ I'(a).
da
Hence,
dx* drt
0 aas &)
dx*
=)
with

X =xata=0.
From the first fundamental theorem of Lie we conclude that the infinitesimal
transformation contains the essential information determining a one-parameter
Lie group of transformations.
Example 1.3.3. For the group of transformations
x* =x+a, (1.3.33)
y' o=y, (1.3.3b)

dr (56)
G

the law of composition is r(e,8) = € + &, and « * = — a. Then =1, and

I'(a) = 1.

Let x= (x,y), then the group (1.3.3a,b) is ¢(x,a) = ( x + a.y). Thus"’ig"'a)z (1,0).

a

Hence,



£ = (o), = (1)

By using the first fundamental theorem of Lie, we have:
dx* dy*

= 1,
da da

:O’

with x* = x, y* = y at a = 0. The solution of this initial value problem is
equivalent to the group of transformations (1.3.3a,b).
Theorem 1.3.4. ([8], Theoremn2.2.3-1). The one-parameter Lie group of

transformations (1.2.1a,b) is equivalent to
k
% _ _aX_\"00 a k
X =€ X=)1—¢ XX,
2 d K k-1
where the operator X=2,7_; & (X) 5. and Xt = XX
i
Proof: Let
X =X(@) = Thy &)
= X)= Li=1 i aXi,
*. _ 2 * i
X(X) = Xi=1 g':;(x ) o
where x*= ¢(x,a). Expanding x* = ¢ (x,a) in Taylor series about a =0,
N o ak akgxa) o ak okx*
X' =Yk=07y Cor Da=0 = Lk=077 (G)a=o-  (1:34)

For any function F(x):

dF(x") @2 OFx")dx;”
da T 4i=1 axl-* da

IF(x")

Y2 G B

= X(x') F(x").

Hence, it follows that:
ax*
da

d’x* _ d dx*

da? _da da

= X(x*) x7,

) = X(x*) X(x*) x* =X*(x") x".

Thus,
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drx*

Tk - X*(x*) x*.

Substituting the above equation into (1.3.4), we have:

ak

* 08} k
X'= k=077 XX,

dkx*

da¥
From section 1.2 and the above theorems the relation between the infinitesimal

where(=—=-) = (X*x") - = X*x.
a=0

transformations and the global transformations can be deduced by one of the
following:
(1) If a global transformations (1.1,1a,b) is given, we can obtain the infinitesimal

transformations by evaluating

£(0y) = 6Dz, andn (xy) = D) -,
and then substituting into (1.2.1a,b).
(2) If an infinitesimal transformations (1.2.1a,b) is given, then there are two
ways to obtain the global transformations:

(1) Solve the initial value problem

dx* B . .
da _g(x ’y )’
dy*_ . .
da - n(x ’y )’

withx*=x,y* =y,ata =0.

(i1) Express the global transformations group in terms of a power series
k
x" = Nio X x,

y* = TP XYy,
where X is the infinitesimal generator.
Example 1.3.5.Consider the infinitesimal transformation
x* = x + cy + o(2),
y* = y-ex + o(2),
with infinitesimal generator

11



9 )
X—ya— XE.

Then
Exy) =y,
n(x,y) =—x.
To obtain the global transformations group, we solve the initial value problem
d *
= oy (1.3.5.a)
da
d *
Yoy (1.3.5.b)
da
Differentiating (1.3.5a) and substituting into (1.3.5b), we have:
d?x* _dy*
da? da
d?x* iyt =0
daz ©~ T

which gives the solution x* = A cosa + B sin a, y* = — A sin a + B cosa. By
satisfying the initial conditions x* = x, y* = y at a = 0, we obtain that:
A=x,and B=y.
Hence, the global transformation is:
x* = x cosa + y sin a,
y* =y c0Sa — x sin a.
Examplel.3.6. Consider the infinitesimal generator

d
X—Xa,

we obtain the global transformations group by using Theorem 1.3.4.
k
X =N X x
_ ] a? 0 0
=x+ a(xa) X+ (xa) (xa) x +...

a2
=x+ax+;x+...

2
=[l+a+%+...]x

12



=e%x,

k
Yy =Xk=o % X"y

- 2 -
—y+ a(Xax)y +...=y.

Hence, the global transformation is:

1.4 Extended Infinitesimal Transformations

The extended infinitesimal transformations is important in determining the
symmetry group of a differential equation which will be seen in chapter 2. We
will consider the extended infinitesimal transformations for the case of one
dependent variable and one independent variable.

Definition 1.4.1. ([8], Definition 2.3.1-1). The total derivative operator is
defined by

E —14_ i+ 14_ + i+ (141)
Dx Ox ylay yZayl yn+1ayn SRR ST
dy;_
where y;= ==L and y, = .

Theorem 1.4.2. ([8], Theorem 2.3.1-4). The kth extension of the one parameter

Lie group of transformations

x" = o(x,y,e),
y'=1(x,y.e),
IS given by:
x*= o(x,y,¢),
y'=(x,y.e),
D .
Yi= Uiy, Y1, e Vi) = ?_1 - 2D o5k (1.4.2)
X Dx

13



where = Y(x,y,¢).
Applying the above theorem in obtaining the first extended infinitesimal

transformation for

*

x* = o(x,y,9), (1.4.3a)

y'o=(xy,9), (1.4.3b)
where y is the dependent variable and x is the independent variable. The

: : . d : : :
differential coefficient y;= % can be consider as a third variable, then we have

,_ay”
yl_dx*’

where

dy' = dv (3,9 =20 e+ 2y,

dx' = do(x,,<) =

0 Ax,y,e) 0 Ax,)y,e)
ox WXt dy,

then
dy™ =(0+en, +o0(c%)) dx+ (1 + en, + o(c?)) dy
= dy + e(n dx + 1, dy) + o(%),
dx* = (1+ €, +0(c%)) dx + (0 + e, +0o(c%)) dy
= dx + g€, dx+ €, dy) + o(?).

Hence,

. dy+(epdxtey, dy)to()
M " et (egdates, dy)to(2)

= yy+ el +01,— E)y1 — €, ¥E1 + o(e?).
Now
x* = x+ e (xy) +0(e?),
y* =y +en(xy) + o),
yi = yi + ey y) + o),
form a group called the first extended infinitesimal transformations with

infinitesimals

14



1
(ECey), ), 1Py 1))
and corresponding first extended infinitesimal generator

X0 =€ () o=+ (e) o+ 2 ey ) 5
7 Ox (A% dy " 1 dyq’

where 1V(x,y,1) =1, + (n, —€,) y1— €, ¥
The kth extension of (1.4.3a,b), is given by

x* = ¢(x,y,6) =x + &£ (x,y) +0(ed),
v =Y(x,y.e) =y + en (x,) + 0(c?),
yi =ty yie) =yt e Py )+ o),

Vi =Y Y1eVi0E) = Vieren™ (Y1, i)+ 0(ED),

with (kth extended) infinitesimals

(€ G ) Gy, 1Dy 1), 1Y (Y, 1, L0 0)),s

and corresponding (kth extended) infinitesimal generator
X(k) =

9 9 9
Gy gyt @M g+ 1Oy g+ et 10y, e

where k= 1,2,..

(1.4.4a)
(1.4.4b)
(1.4.4c)

(1.4.4d)

d
Jyk) a_yk’

The following theorem is useful to obtain explicit formulas for the extended

infinitesimal {1}
Theorem 1.4.3. ([8], Theorem 2.3.2-1).

D /fk=1) D&(x,
n(k)(x'y'%'---rYk)j: /( — Yk {D(xy)akzlsza"'a

where

19 = n(x, ).

Proof: From (1.4.2.), (1.4.4a-d),and (1.4.1), we have:

WY1 Vi) _ DYt | Doy ,9)
Dx ) Dx

15



_ Dlyk—1t+ef* D +o(A)] | Dlx+adlxy)+o(P)]

Dx ' Dx
_ D/ D&x.y)
=[Y +57/(D1 1 +[1+ e=]
D
=i+ e[22 LD 4o(e?)

=yt e h (")

Consider the formulas of the extended infinitesimal ™, and 7.

(1)
7 =t (e &) Y1— §y3’1 ,

77( ) = Mo+ (20xy — §dy1+ (yy — 2fxy)(yl)2 - fyy(yl)3 + (ny — 26)Y2 —3&yY1Y2
77(3) = Tt (377xxy_ fxxx)yl"' 3(77xxy - gxxy)(yl)z"' (77yyy_ 3£xyy)(y1)3_ fyyy(yl)4+
3(Mxy—Ex)Y2+3(1yy —3Exy)Y1Y2— 6§yy(y1)2y2— 3fy(y2)2 + (ny —3&)Y3— 4&yY1Ya.

1.5 The Concept Of Invariance

In this section, a definition of invariance is presented which is useful for
reducing the order of the ordinary differential equations to obtain a solution.
Definition 1.5.1. ([10],Definition 1.5.1). A function g(x,y) is said to be invariant
under the one-parameter Lie group of transformations (1.1.1a,b), if it is
unaltered by the transformations (1.1.1a,b), that is

g(x"y") = g(x.y).
Theorem 1.5.2. ([8], Theorem 2.2.4-1). A function g(X,y) is invariant under
(1.1.1a,b)if and only if

Xg = E0y) e+ ny) o2 = 0 (L51)

The invariant function g¢(X,y) under the one-parameter Lie group of
transformations can be found by solving the differential equation (1.5.1).

Example 1.5.3. Consider the infinitesimal generator

=y x>
__ya X(’)y

16



The invariant function g( x,y) can be obtained by solving the partial differential

equation
99 4 99
V5 +x 3y 0.
The auxiliary equation is
dx _ dy

Therefore

g(xy) = x*+y? =c,
where c is an arbitrary constant.
We will demonstrate how invariance under the one-parameter Lie group of
transformations can be used to reduce the order of the ordinary differential
equation to obtain a solution.
Consider the differential equation

dy

A =F (x,y) (1.5.2)

under this special transformation
T, X =ax, (1.5.3a)
y = adly. (1.5.3b)

Assume that the differential equation is invariant under the transformation
(1.5.3a,b). The differential equation (1.5.2) is said to be invariant under the

transformation (1.5.3a,b) if its read the same in the new coordinates i.e.:

*

dy . x
dx*—F(x Y ).

Now,
X_x* —
_a’y_ .

dx:dx ,dy:dy.

substitute into (1.5.2)

Ly Xy
ak—1dx* F (a 'ak)'
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*

dy
dx*

*

*
kil X Y
=dF(—,=
(a'ak

For equation (1.5.2) to be invariant under group of transformation (1.5.3a,b) we
must have

FOCY)=dF &0,
where interms of x and y, we obtain
F (ax, ay) = d“* F(x.y),
1
F(xy) === F(ax a'y)

(1.5.4)
Differentiating equation (1.5.4) with respect to a:

_ X k 1k , OF(x "y ") aF(X*y*)

0=01-K) a'F(ax,ay)+a (—a(ax) “aaky ka*=1y),
(10" (@, ) + ¥ TEDD 4y FEDD g
« x x OF(x*y%) « JF(x"y™) _
(IH)F iy ) +x — 2=+ ky —=—=0,
« 0F(x*y* « OF(x*,y
x%+ky gy* D - (k1) E (YD), (1.5.5)

The auxiliary equation is:

dx* _ dy* _ dF
x* ky* T (k=1)F(x*y*)
Integration of the first two equations gives:

* 1 *
Inx +Inc=; Iny,

k(Inx +Inc) = Iny”

* * k
y =(x)c.
Hence,
c= Y
x*k '

The integration of the first and third equations gives the general solution of
(1.5.5):

dx*_ dF(x*y*)
k-1) —= ,
(k1) F(x*y™*)
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(k=D)[Inz* + Ing(c)] = InF(x*, y*),
FCY) = () (),

R, Y1) = 0% ().

Hence, from invariance we have:

RO Y) = 00" g(5),
The differential equation (1.5.2) becomes:

% =00 9(p). (1.5.6)

Let o(x, y)= ;—k which is known as the similarity coordinates

y =ox* (1.5.7)
Differentiating (1.5.7) with respect to x:
dy . k1 k 0o
Iy kx " “o+Xx o (1.5.8)

Now, equating (1.5.6) and (1.5.8), we have:

k-1 do k-1
kx a+kx£: X" “g(0),

do _
kO’+Xa—g(U),

d
x = =g(o)-ko,

xdo = (g(o) — k o)dx,
do dx

O (1.5.9)

By solving (1.5.9) we find o in terms of x, then substituting back into (1.5.7) we
obtain the solution of differential equation (1.5.2) when F(X, y) is of the form
given by (1.5.6).
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CHAPTER 2

INVARIANCE OF ORDINARY DIFFERENTIAL
EQUATIONS

2.0 Introduction

Similarity method is a group theoretical method for simplifying differential
equations. This method depends on Lie group of transformations. The object of
this Chapter is to present the application of Lie group on differential equation
(similarity methods). Section 2.1 demonstrates a method for determining
similarity transformation (symmetry group). Section 2.2 presents how invariance
of a differential equation under a Lie group of transformation reduces its order.
The methods for constructing special solutions (invariant solutions) to a

differential equation are given in Section 2.3.

2.1 Symmetry Groups

The importance of symmetry groups lies in reducing the order of a differential
equation and obtaining invariant solutions.

Definition 2.1.1. ([10], Definition 1.7.1). A symmetry group is a Lie group of
transformations which leaves the differential equation invariant, that is, a group
admitted by the differential equation.

Definition 2.1.2. ([10], Definition 1.7.2). An ordinary differential equation

G(X, Y, Y1,..... Yy =0, (2.1.1)

where v =22 n=12,..k

dxn?
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Is said to be invariant under a one parameter Lie group of transformations
X'= p(xy,a) =x+eg(xy) +o(e?), (2.1.2a)
y=1(xy.a) =y+en(xy)+o(e?), (2.1.2b)
if it is unaltered by the transformations, that is

GO E V) = GOGY, Vi Vi)
Theorem 2.1.3. (Infinitesimal Criterion for Invariance of an ODE, [8]). Let

X= E0) o+ () 5 (21.3)

be the infinitesimal generator of (2.1.2a,b). Let
d d ?
XY = g (xy) o+ 0 () 5+ 0 )y 5

d
Tt T](k)( val Y1,- . '5yk) aa (214)

be the kth extended infinitesimal generator of (2.1.3) where 1™ (x.y, ....yn),

n = 1,2,...k, are given by theorem 1.4.3 in terms of (&(x,y),n(X,y)). Then
(2.1.2a,b) are admitted by (2.1.1) if and only if

X6y, yi,....y)= 0, when G(X,y, Y1,...,yi)= 0.

Utilizing the infinitesimal criterion for invariance on an ODE, leads to a
differential equation where the unknowns are the infinitesimals (£(x,y),n(x,y)).
Equating the coefficients of (yi,..., yx) we obtain several equations known as the
determining equations. By solving these equations the infinitesimals are

identified. Hence the symmetry group of the ODE is obtained.

2.2 Reduction Under Group Invariance

Symmetry method depends on finding the one-parameter Lie group of
transformations that is admitted by the differential equation, i.e., that leaves the
differential equation invariant [9]. For a first order ordinary differential
equation, invariance implies a reduction to quadrature. For higher order ordinary

differential equations, invariance implies a reduction in order by one. By using
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the differential invariants, the order of the differential equation is reduced.
Moreover, the invariance of the differential equation, under an r-parameter Lie
group of transformations, reduces its order by r. This is presented by Olver in
[11]. Hence, invariance under a two-parameter reduced the order by two.

Bluman and Kumei [8] presented a method for this reduction.

2.2.1 Reduction of the order of an ODE under a one-parameter

group
Consider the kth order ordinary differential equation
G(X.Y, Y1,.--.¥0) =0, (2.2.1)
where y, = ;lnT: ,n=1,2,....k, and let
X = p(xY,a), (2.2.22)
Y =(xy.a), (2.2.2b)

be a one-parameter Lie group of transformations admitted by (2.2.1) with

infinitesimal generator

X= € 0y) 5o+ () 5 (223)
From section 1.5 it is found that the invariant u(x,y) under (2.2.2a,b) can be
obtained by solving Xu = 0. Moreover the kth order differential invariants
v (xy, yi,....y) are determined by solving X®v&® = 0 where k = 1,2,...,n,
X® s the kth extension of X and v = v.
Theorem 2.2.1. ([10], Theorem 1.5). Let the invariant u(x,y) and the first order
differential invariant v(x,y,y:) be known for a given one-parameter Lie group of

transformations. Then the derivative

dv _Vx+vaI+VyIYZ_ Dv

du U+ Uy Yy Du’

Is a second order differential invariant.
Proposition 2.2.2. ([11], Proposition 2.56). Any nth order ordinary differential
equation having a one-parameter Lie group of transformations (2.2.2a,b) as a

symmetry group is equivalent to an (n-1)st order equation
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Qu,v, v,.. vy =,
involving the invariants u(x,y), v(x,y,y1) of the first extension X“corresponding

dvk=2)
du '

to the group and their derivatives, where vV =

k=2,...n.

The above proposition outlines the method of reduction in order of an ordinary
differential equation by using the differential invariants. Re-writing the ordinary
differential equation in terms of the differential invariants, the result is an
ordinary differential equation which is less in order than the original equation by
one. To obtain the solution of the original differential equation, we integrate the

solution of the reduced differential equation.

2.2.2 Reduction of the order of an ODE under a two-parameter
group
Theorem 2.2.3. ([11], Theorem 2.6.1). Let G (.Y, Y1,...,Yx) = 0 be a kth order

ordinary differential equation invariant under a two-parameter symmetry group.
Then there is a (k — 2)nd order equation

K (z,w,wy,...,wnz) =0.
The general solution to G can be found by a pair of quadratures from the general
solution to K.
The above theorem describes the possibility of the reduction in order directly by
two if the ordinary differential equation is invariant under a two-parameter Lie
group of transformation. Bluman and Kumei [8] gave us the algorithm of this
reduction.
Definition 2.2.4. ([10], Definition 1.8.5). The commutator of X; and X, denoted
by [X;, X,] is defined as

[X1, X2]= X1 Xz — X2 X1
Theorem 2.2.5. ([8], Theorem 2.4.2-3). Let ng), ng) be the kth extended

infinitesimal generators of the infinitesimal generators X;, X, and let
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[X1,X,]%be the kth extended infinitesimal generator of the commutator[X;,X,].
Then

) ok
[X1, X,19 = [X§ ) Xg ],

k=1,2,....

Consider the kth order ordinary differential equation (2.2.1), and let
X = d(x,y,a,b),
y =¥(xy,a,b),

be a two-parameter Lie group of transformations admitted by (2.2.1) with X4,
X,as infinitesimal generators of the group. To reduce the order of the ordinary
differential equation, we must use the appropriate generator first, since the use
of incorrect order may not reduce the order of the ordinary differential equation
by two. The commutator determines the appropriate generator to use first.

Suppose that [X{, X,] = X,. So X, is the appropriate generator to use first.

o dv .
Let U(x,y), V(X,y,y1) be the invariants of Xgl). by Theorem 2.2.1, V; = T

second order differential invariant of X; i.e. x§2>v1 = 0. Re-writing (2.2.1) in
terms of the differential invariant, we obtain
Q(U,V,Vy,...,Vi1) =0, (2.2.4)
The order of this equation is less than the order of (2.2.1) by one.
Now
[X{, X,]U = X;X,U — X, X,U =X, U.
Since X; #X, and X,U =0, we get
X, U = (V). (2.2.5)
From Theorem 2.2.5
[X1, X219 = X7, X5V,
o)
xSV, xSV = xPx v - xPxOv = x Py,
Since Xgl)qéxgl)and Xgl)v =0, we have

S RAVEV(VAY)) (2.2.6)
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By the same way
X, xPv,= xPxPv, - xPxBv, = xPvy,
then
XPV1 = y(UV, V). (2.2.7)

By using (2.2.5) — (2.2.7), we write X(Z)ln terms of (U,V,V;) coordinates, X(Z)

becomes

X = (V) 55+ BUN)TH+ YUV 5o

L dv. :
Let u(U,V),v(U,V,Vy) be invariants of ng). The v; = ﬁls a third order

differential invariant i.e. X(3)

v; = 0. By re-writing (2.2.4) in terms of u,v and
V1, We obtain

K(u, v,vq,...,vx_») = 0.
Hence we reduced the order of differential equation (2.2.1) by two. This method

will be used in Chapter 3.

2.3 Invariant solutions

Consider an nth order ordinary differential equation

G (XY, Y15---5¥n), (2.3.1)
which admits a one-parameter Lie group of transformations
X = g(xy,a), (2.3.2a)
y  =y(xy.a), (2.3.2b)
with infinitesimal generator
X= E00y) o+ (ky) 5 (2.33)

Theorem 2.3.1. ([8], Theorem 2.2.7-1). A curve written in a solved form g(x,y)=

y —f(x) = 0, is an invariant curve for (2.3.2a,b) if and only if

25



Xg(xy) = nxy)—& xy)fx) =0,

when g(x,y) = y—f(x) =0, that is if and only if

n (.(x)) = & (x, f(x)) f(x) =0. (2.3.4)
Definition 2.3.2. ([10], Definition 1.9.3). A solution y = 8 (x) is an invariant
solution of the nth order ordinary differential equation

G (XY, Y15 -5¥n),

corresponding to infinitesimal generator (2.3.3) admitted by (2.3.1) if and only if
() y =6 (x) is an invariant curve of (2.3.3),
(i)y =0 (x) solves (2.3.1).
The following is a result from theorem 2.3.1 and definition 2.3.2:
A solution y = 8 (x) of (2.3.1) is an invariant solution if and only if it is a
solution of the first order ordinary differential equation

,_ n(y)
Ty

By solving (2.3.5) we have the general solution in the form J(x,y,c) = 0, then

(2.3.5)

substituting this solution in (2.3.1) the constant c is determined.

Bluman and Kumei [8]stated in the following theorem that it is not essential to
solve (2.3.5) to obtain the invariant solutions for (2.3.1).

Theorem 2.3.3. ([8], Theorem 3.6-1). Suppose the ordinary differential equation
(2.3.1) admits (2.3.3). Without loss of generality assume that ¢ # 0. Let

0 nkxy)ad

Y =
ax & (xy)dy’
and let
n(xy)
Yxy) =——m—"—7
0Y) = ey

With v = Y'W, k = 1,2,...,n, consider the algebraic expression Q(x,y) which is
defined by

Q(XY) =Yn=G (XYY, Yn-1)
=YW _ G (x,y,¥YY,.... Y"?W)
Three cases arise for the algebraic equation Q(x,y) = O:
(1) Q(x,y) = 0 defines no curves in the x y -plane,
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(i) Q(x,y) = 0 is identically satisfied for all x,y,
(i11) Q(x,y) = 0 defines curves in the x y -plane.
We describe the above three cases as follows :

1) In case (i), the differential equation (2.3.1) admits (2.3.3) has no invariant
solution under (2.3.3).

2) In case (ii), any solution of (2.3.5) is an invariant solution of the
differential equation (2.3.1) admits (2.3.3).

3) In case (iii), the invariant solution of the differential equation (2.3.1)
admits (2.3.3) must satisfy Q(x,y) = 0 and conversely any curve satisfying
Q(x,y) = 0 is an invariant solution of the differential equation (2.3.1)
admits (2.3.3).
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CHAPTER 3

APPLICATION OF SYMMETRY METHOD TO
BOUNDARY LAYER EQUATIONS

3.0 Introduction

Some problems arising in engineering and industrial field are concerned with
fluid dynamics. Engineers have a great interest to study the dynamical behavior
of a fluid near a surface, which is known as boundary layer problems.

Two of the differential equations arising in boundary layer theory are the
boundary layer equation (BLE) and Falkner-Skan equation (FSE).

In this Chapter, we will analyze boundary layer equations (BLE and FSE) using
symmetry method. In Section 3.1 we obtain symmetry groups admitted by the
boundary layer equations. In Section 3.2, we will reduce the order of boundary
equations using the symmetry group and we will give a general solution of the
boundary layer equation (BLE) for the special case f = 2a. Constructing

invariant solutions to boundary layer equation (BLE) is given in Section 3.3.

3.1 Symmetry Group of Boundary Layer Equations

Here we use the method outlined in Section 2.1 to obtain symmetry groups of

boundary layer equations (BLE and FSE).

3.1.1 Symmetry group of BLE
Assume that the boundary layer equation (BLE)

7+ Bff - af=0, (3.1.1)
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where f is a reduced stream function, z is a similarity variable, « and g are
constants, and prime denotes a derivative with respect to z. The BLE admits a

one-parameter Lie group of transformation with infinitesimal generator

X= £(f)+n (z,f)%. (3.12)

From the infinitesimal Criterion for Invariance, the BLE admits a one-parameter
Lie group of transformation with infinitesimal generator (3.1.2) if and only if

XO(f; + Bff, —af? ) = 0,

k
when f; +Bff, — a f2= 0, where f(2) = % k=123,

Thus, we obtain the following equation
N+ @ — €.) fit 30 — E0FF + (- 3Ef -
Eif i+ 30— E.)fz + 30w —3E0f1fr— 84S fo
= 3417 - Bn BENfo+ alin BENF +AB& ffifa (3.1.3)
—da&fP+Bn..f+ B (2ns—E)f fit Bl — 265 fff
— B&rf f+ B -2 €) ffo = 3B&S fif2 — 2an.f1— 2a(iyr —
ENT +2a& f+ Bnf, = 0.

Here we have substituted for each f; in the previous equation by (-Bf f>+af?).

Equating the coefficients of various powers of fiandf,, we obtain the following

equations
N...t B1.. £ =0,
3n..E...t B £)f—2an. =0,
3(n.st—E..0) + a(nr—3E.) + B —28.0f— 2a(ne ;) =0,
ni— 384 — dals — B&uf + 2a&: =0,
3(n+€..) —Bne 3 E)f + Bl =2 &) f+ Bn =0,
3(m —3E.1) + B&f =0,
&iir = &= &= 0.
Solving the above equations for ¢ (z, f) and 7 (z, f) we find
§(zf)= —caztcy, (3.1.4)
n(z,f)= cf, (3.1.5)
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where c; and c, are arbitrary constants. Then the infinitesimal generator of

equation (3.1.1) becomes

X =(-Cz+cy) 0 +cfa
= 2 13, 20f
= C1 Xy + C3Xp,
_ _d 0 d P
where ¢c3 = — ¢y, Xl_& and X, —Za—fﬁ . X1 and X, are two infinitesimal

generators from the infinitesimal generator X, which are also admitted by
equation (3.1.1). Hence the symmetry group of equation (3.1.1) is the two
parameter Lie group of transformation of the form:

2= xta, (3.1.6a)

f= ¢ef. (3.1.6b)

3.1.2 Symmetry group of FSE
Assume that the Falkner-Skan equation (FSE)

A 201 - f9=0, (3.1.7)
where f is a reduced stream function, z is a similarity variable and prime denotes
a derivative with respect to z. The FSE admits a one-parameter Lie group of
transformation with infinitesimal generator (3.1.2) if and only if

XO(f, +ff, +2(1 — f2)) =0,

k
when f5 +ff,+2(1 — £2) = 0, where f(2) = % k=123,

Thus, we obtain the following equation
.+ B €. fit 300 — E0fF + (e 3E0f7 — Emfi
+3(ns- £.)f2 + 3 —3E0f1f2 — 6&f LS
- 3& ff 20 -38) — (-3 &) ffo + 2 —BE)fP+ (3.1.8)
Sffifar 8&fi— 44f+ nof+ (s — EOffir (m -
260) fIE=Enf fi+ (i =2 £) ffa— dnfi—4 (i — E)fF +
nf2 = 0.

30



Here we have substituted for each f; in the previous equation by (—ff, — 2(1 —
f1?). Equating the coefficients of various powers of f;andf,, we obtain the

following equations

N...—2(m =3 )+ n..f=0,
3n..0€...—4n, + (2ns—&.)f+ 85 =0,
3(n.st—E..0) + 20 —38) + (e — 280)f— 4 (r — &) =0,
ni— &4~ Suf — 4& =0,
3(n.s—&.)-(nr —38) f+ (r —28) f+n=0,
3(ni—38.4) + & f= 0,

& =&= & = 0.
Solving the above equations for £ (z,f) and 7 (z, f) we find
()= ¢ (3.1.9)
n(zf)= 0, (3.1.10)

where ¢ is an arbitrary constant. Then the infinitesimal generator of equation

(3.1.7) becomes

0
X=—
0z

Hence the symmetry group of equation (3.1.7) is the one-parameter Lie group of
transformation of the form:
2= z+a, (3.1.11a)

*

3.2 Reduction In Order of Boundary Layer Equations

In this section, we will use symmetry groups of boundary layer equations (BLE

and FSE) to reduce their order.

3.2.1 Reduction in order of BLE
The BLE (3.1.1) admits a two parameter Lie group of transformations.

Therefore the order of the differential equation may be reduced by two. To
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determine which infinitesimal generator to use first, we compute the
commutator:

[X1, Xo] = X1 X; — XXq = X;.
We begin with the generator X;. The first extended infinitesimal generator of

Xqis

Xgl): - (3.2.1)
The invariants of (3.2.1) are
q(z/)=f,
p(z.f.f1) = f1-
Then
P1 = f—z,
fi

Is the second order differential invariant satisfying ng)pl = 0.
Now
fi=np,
f2=pp,
f3 = pap°+ pip.

By substituting the above into equation (3.1.2), we obtain the second order
ODE:

pp2+ pi + BapL—ap =0. (3.2.2)
The infinitesimal generator X, is admitted by equation (3.2.2) since it is
admitted by equation (3.1.1). The second extended infinitesimal generator of X,
in terms of (q,p,py) is

@_ g9 _oy0 9
K =5 P Py
Let w(qg,p) and ¢(q,p,p1) be the invariants of X, such that

x$w(gp) =0,
and

X g(q,p,p1) = 0.
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Therefore

w(a.p) = q°p,
and

9(a,p,p1) = q7ps.
Now
P1 =09,
P2=g+g1 (2w + g).
Rewriting equation (3.2.2) in terms of (w,q,91), we obtain the first order ODE:

_ g2+ Bg+wg— aw
g1— .

o (3.2.3)

If ¢ = N(w,cy) is the general solution of equation (3.2.3), then the first order
ODE

9=0"p1=N (q°p,Ca), (3.2.4)
may be solved by the use of canonical coordinates. Equation (3.2.3) admits the
infinitesimal generator Xgl), then the canonical coordinates r(g,p) and s(q,p)

satisfy the following

Xgl)r(q’p) = 0, (3.2.5)
and
XM s(q,p) = 1. (3.2.6)
By solving (3.2.5) and (3.2.6), we obtain
r(a.p) = q7p,
and
s(@p)=—3Inp,
then
ds _ N(r,cq)
dr ~ 2(=2r2+7rN(r.cs))
This leads to the first quadrature
-2 N ’
p= ceexp [[T (p:ca) dp]. (3.2.7)

(pN (p,c4)—2p?)

Expressing equation (3.2.7) in terms of (z, f, f1), we have
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_ f_2f1 N(p,C4)
fi= csexp [[ N e2oT) dp]. (3.2.8)

Writing (3.2.8) in a solved form

fi = I(f,C4,Cs), (3.2.9)
where ¢4 and cs are arbitrary constants, then the solution (second quadrature) of
the first order ODE (3.2.9) is

z + Cg.

f ==
I(f.ca.c5)
Special Case g = 2«
We find a general solution of equation (3.1.1) for the special case when f = 2a.
Equation (3.2.3) becomes
(g — 2W)wgi+ g (W+ 2 @) + ¢* — aw = 0, (3.2.10)

This equation has a special solution

w

ow) = =, (3.2.11)
but
9=q"py,
and
w=q°p,
then
o =%q‘1p. (3.2.12)

By solving equation (3.2.12) for p, we obtain

1

p = Crq2,
then

1
fi=cif2. (3.2.13)
Now, we solve equation (3.2.13) for f. The solution of the equation (3.2.13),

that is the general solution of the BLE is

f= ey + o) (3.2.14)
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Thus, we have reduced the order of the BLE by two with two quadratures and

obtained a general solution when g = 2a.

3.2.2 Reduction in order of FSE
The FSE (3.1.7) admits a one-parameter Lie group of transformations. Therefore

the order of the FSE may be reduced by one. The first extended infinitesimal

generator of X admitted by FSEis

XW= ;—Z | (3.2.15)
The invariants of (3.2.15) are
q(z/)=1,
p(z.f.f1) = f1-
Then
P1 = f—z,
fi
is the second order differential invariant satisfying X®p; = 0.
Now
fi=np,
f2=pp,

f5 = pap”+ pip.
By substituting the above into equation (3.1.7), we obtain the second order
ODE:

p>(p2 — 2) + (01 + Qppy + 2=0.
Here the symmetry method gives no important results for the FSE.

3.3 Invariant Solutions to Boundary Layer Equations

In this section, we find the invariant solutions of the boundary layer equations.
We begin with the FSE (3.1.7)

20 =0,
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by using theorem 2.3.1 and definition 2.3.2 or by using theorem 2.3.3 the result
IS an invariant solution
f=c
which is a trivial solution to Falkner-Skan equation.
Next, we find the invariant solutions of the BLE (3.1.1)
f74 B~ af#= 0,
that admits a two-parameter Lie group of transformation with the infinitesimal

generator

0 0
X= (— CrZ + Cl) P + Cgfﬁ.

There are three cases for the constants ¢, and ¢, in (3.3.1):

(3.3.1)

I)For c,= 0, we use theorem 2.3.1 and definition 2.3.2 to obtain the invariant
solutions, we have

f=c,
Is an invariant solution of (3.1.1).

i) For ¢, = 0, also by using theorem 2.3.1 and definition 2.3.2, we obtain

6

= o

Is an invariant solution of (3.1.1).

i) For ¢, # 0, and ¢, # 0, we use theorem 2.3.3

d C2 0
y=t————f—.
0z -cpz+cq Of

Let A= it > (. Then
2

2 f o

= — 4+ _—
V' =%z -z+A0f’

and

f
—z+ 1
f2
S (-z+ )2

T |
yw‘(-z+1)3'

(/)=

yW¥
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Then

Qzf) =y*¥ + BfyW-a¥? = 0.
By solving the above equation, we have

fzo——

(2B— a)(—z+1)’

(3.3.2)

Is an invariant solution of (3.1.1).
The invariant solution (3.3.2) satisfies the boundary layer equation (3.1.1) under

the following boundary conditions:

FO)= o= for £(©) = =z = @, and f () =0,

wheref, is the wall mass transfer parameter showing the strength of the mass
transfer at the wall (surface), and w the wall movement parameter indicating the
strength of the wall stretching. The invariant solution satisfies equation (3.1.1)
and the above boundary conditions only in the case where23 > a. Thus for
fo < 0 which gives the boundary condition for mass injection and w < 0 that
corresponds to moving surface in opposite direction to the mainstream. Note that
the invariant solution does not satisfy the equation for 2 < a. Moreover does
not satisfy the boundary conditions for w = 0 the case of fixed surface, w > 0
the case for moving surface in same direction to the mainstream, f; = 0 the

case of impermeable surface, and f;, > 0 the case for mass suction.

37



Conclusion

The main aims of this research has been to study a new method to solve an
ordinary differential equations and analyze the boundary layer equations
f* +Bff - af’=0,
f7H 20 f)=0,

using this method which is a group theoretical method known as symmetry
method. We have outlined the basic concepts and definitions of the method. We
have applied the method to obtain the symmetry groups admitted by the
boundary layer equations. Under the symmetry groups we have reduced the
order of the boundary layer equation to quadrature, also we have reduced the
order of the Falkner-Skan equation to the second order. Furthermore, we have
given a general solution of the boundary layer equation for the special case
when f = 2a. Finally, we have constructed invariant solutions of the boundary
layer equation from the symmetry group, which satisfies equation (3.1.2) only if
2B > a. This invariant solution is different than the solution obtained in [5]
known as Cranes' solution. In addition, we have discussed the boundary

conditions that the invariant solution of equation (3.1.2) satisfies.
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