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In this section we use the following properties of limits, called the Lim\t Laws, to
calculate limits.

Lyt Lows — Suppose cis a constant and the limits chl_l?}lf(x), )lggg(x) exist. Then:

M Iim[f(x) £ g(x)] = 11m f(x) + 11m gl 6) limc=c (N limx =a
xX—a

X—C xX—a
(2) limc f(x) = c lim f(x) (a)limx®* =a™ wistve
xX—a xX—a xX—a
(3 lim f(x) g(x) = limf(x) lim g(x) (q) lim /x =%a wis+ve
x—-a x-a x-a x=a
i f(x) _ ylcl—l;lcllf(x) if 1i ( ) + 0 li r . n li "< 4
) xl—r>rcltg(x) lim g(x) ~ ! xl—r>rcllg x (10) xl—r>rcl¢ fx) = w/xl—r>rclzf(x) nas Ve
5 lim (f(x))n = (lim £ (x))" \f n \s evewn, we assume that
x—a limf(x) >0
X—n
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wumber * co = oo

wumbeyr—oo = —oo

nwumbey: 0 = + 00

Iwdetermwnate forms

0

— =0

(00]
number
—o

CO - OO = O
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Examp\e 2

Evaluate the 'Fo\\ow'\vxg \'waits and
\')US‘\"\‘F)/ each S‘\'@P.

(o) lim(2x? — 3x + 4)
x—5

by i x34+2x%2 -1
T 5 3y
so\ution
4

by i x34+2x% -1
o 5 — 3%
so\ution

- = — — R —_—

*‘\-vgc\' substitution P—VOP@_F:-‘-\_';__'

e

If f is a polynomial or a rational function and a
is in the domain of f, then

limf(x) = f(a)
Functions with the direct substitution property
are called contwwuous at a
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Exaw\P\e 3
o x?—1

Find 104 x—1

so\ution

Example 4 Find linflz g(x) where
x—

(x) = {x + 1, x # 1
g\x) = T, x=1
so\lution
EXO\W\P\Q 5

’ (3+h)?> -9
Evaluate hl_T)% n

so\ution



Exo«w\P\e
Find lim

t—0

so\ution

6
vVt +9 -3
t2

Some \'wits ave best calculated by fwst

f\V\d'\V\% the \eft - and v'\g\r\‘\’ = lhand Limits.

limf(x) =L e limf(x)=L= lim f (x)

Q

The Livmit \aws hold for
owne - s\ided \wts.
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Exaw\P\e 7

Show that lim|x| = 0.

x—-0

so\lution

Reca\l That
_ {—x, x <0
| x, x>0

What about lim |x| ©¢

xX—2

Exavvxp\e ?

Ed
lim—
x—->0 X

so\ution
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Exaw\P\e q

Determine whether the following limit exists

Vx —4,if x> 4

Qﬁﬂ@'f@%:&—zxﬁx<4

so\ution VA
limvx—4=0
x—4%t
0 >
lim 8 — 2x = 0 4 ‘
xX—4~

Thus the limit exists and limf(x) = 0.

xX—4
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whewn do we have to s*udy \'wat from the \eft
and from the v'\g‘n‘\' (¢

N\

=

@ \f the function s a piecewise def wed function and the
defwmithon c\r\o«v\ges avound the Po‘\v\‘\'. \"Ke examp\e q.

@ a s an end Po'wd' of an wterval of the domaw.

Example Find lim+/x

x—-0

so\ution
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W foct, we have 3cases for / f(x)




V\o‘f( \w case of

T e

xem (2) =4

f(), x=q Nedon'tneed tostudy
flx) = {fl (x)' ‘*a it from the v'\g‘n‘\' and
2D from the \eft.

If f(x) < g(x), where x is near to a (except possibly at a) and the limits of f

and g both exist as x — a, then

limf(x) < limg(x)
xX—a xX—a

— —

orem (3) =

If f(x) < g(x) < h(x) when x is near a (except
possibly at a) and

limf(x) =limh(x) =L.Then limg(x)=1L
xX—a xX—a xX—a
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Exaw\P\e |

. o1
Show that lim x%sin== 0
x—0 X

so\ution

=Y
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Evaluate the Limit, 't exists. Exevcise 23

Exevcise |5 1_ %
) lim X
I t“—9 x->3 x —3
im
t>—32t2 + 7t + 3
: so\uton
so\uton
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Evaluate the lwmit, f 1\t exists. Exevcise 29 lim 1 1

t>0 tV1+t ¢t
Exevcise 24 so\uton
-1 _ 2-1
lim (3+h) 3
h—-0 h
so\ution
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Exevcise 59

if lim f(x) —8 ind li
A 10 -Find illg f(x)
so\ution
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(3.3) L\\M\‘\'s O‘F

~ sinf
fm—p—=
2 Tim tan6
6-0 0
' 6
3 1im S0 _
6-0 méo
4 limtan(n@)=
6-0 mao
(SY Tim sm(nH)

6-0 sm(mH)

16

_ Qomomg‘\'r C Fumc:\' iov_l\gjf-_'j_. -

lim 0 _ . sin(nf) 1 tan(nf)
6-05inf (6) Jm tan(m0) 6-0sin(mo)
_ 0
lim =
6-0tané ~ sin(nd)\”
(7 lim =
6-0 mb
I né
im ————
60 sm(mH) tan? (n@)
(%) im =
6-0 tan? (m#)
ng . cosf —1
550 tan(mé) @ g—% 0 N
c 0 sin(x — a)
an(nd) _ (10)  lim =
6-0 tan(m@o) e (x—a)
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Examp\e 5

- sin7x 7
lim - _
x—-0 4x 4
Exqmp\e 6

Calculate lim x cot x
x—0
so\ution

limxcotx =0-o

x—0
. XCoSXx
= lim —
x—=0 SInx
= lim— limcosx=1-1=1
x-0Ssinx x—0
OR

X
=1

limxcotx =lim
x—0 x-0tan x

Exevcise Yl

~ tané6t
lim — =
t—0 sin 2t

Exevcise 42

I cos6 -1 0
630 sin 6 0

so\ution




Exevcise 45 Exevc\se 4%

sin @ ~ sin(x?)

im lim—
6-00 + tan 6 x-0 X
so\ution so\ution
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Exevcise 45 Exevc\se 4%

. 1—tanx 0 o osin(x—1) 0
lim == lim =3

x_%smx—cosx 0 x>1x2 +x—2

so\ution so\ution
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