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Combinations of Functions

Algebra of Functions:

Definition .1: [The Sum, Difference, Product, and Quotient of two functions]
Let f and g be functions with domains D(f) and D(g). Then the functions f+g, f —g, fg,

and i are defined as follows:

Name Notation Definition Domain
Sum: f+g | (f+9)()=f(z)+g(z) D(f) N D(g)
Difference: f—g (f—9)x) = f(z) — g(x) D(f)ND(g )
Product: j}g (fg}(x) = f(a?f)(g()a?) D(f) N D(g)
Quotients | (2)w-28 | wnnp g -0)
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EXAMPLE 1. Let f(z) = 2% + 1 and g(x) = v2x — 4. Find f+g, f — g, fg, f/g, and their

domains.
Solution: Since f(x) = x* + 1 is a polynomial, then D(f) = R. Also, since g(x) = v/2x — 4
is an even root function, then to find the domain we solve the inequality
20 —4>0 2 >4 > 2.
Hence D(g) = [2,00). Now, D(f) N D(g) =RN[2,00) = [2,00).

(f + g) ({E) = f(:L’) + g(m) By definition
=22+ 1++v22 -4 With D(f + g) = [2,00),

(f —9)(z) = f(z) — g(x) By definition
=22 +1-+v2x—4 With D(f — g) = [2,00),

(f9)(x) = f(zx)g(z) By definition

= (2 +1)v2z -4  With D(fg) = [2,00),
(g) ({E) = % By definition
2 4+1

= m=i With D(f +g) = [2,00) \ {z : 2z — 4 = 0},

With D(f + g) = [2,00) \ {2} = (2,00).
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20y/1 = V2 —1
EXAMPLE 2. Let f(z) = 2+ Va2 — 1, g(z) = 22477 nd h(z) = —22 =1 Fina
r+1 Va2 —5x+6

the domain of f, g and h.

Solution:

e Notice that f(z) =z + Va2 — 1 is the sum of z and V22 — 1, then
D(f) =D(x) A'D(vV2? =) "= RN (—00 — 1] U [1,00) = (—00 — 1] U1, 00).

224 — 22 2
e Notice that g(z) = i T 2T /4= 4% is the product of 2% 1 and V4 — 2%,

z+1 z+1
then
D(g) = D(Z5) "D (V4 - 22) T (00, 1)U (-1,00)N[-2,2] = [-2, -1) U(-1,2].
V2z —1
e Notice that h(z) = — = x5 — is the quotient of v/2z — 1 and V22 — 5x + 6, then
x? — bx

D(h) = D(v2z — 1) "AD(Va? =5z + 6) Nz : 2® — 52+ 6 = 0}
= [1/27 OO) N (—OO, 2] U [37 OO) \ {27 3}
=[3,00) \ {2,3} = (3,0).
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EXAMPLE 3. Let g(z) = Ll Find the domain of g.
\ 7 —

Solution:

T . T
1 L5d an even root function, hence 1
T — T —

x
for (+) sign). Now, to solve the inequality p— > 0, we find the zeros of the numerator
Tz —

The function g(z) = > 0 (we are looking

and the denominator. z = 0 is the zero of numerator and x —1 = 0 < x = 1 is the zero of
the denominator. Now, we use the real line to find the sign of each expression x and x — 1.

Test Value -1 : 5 : 2
sign of z “1=-1 (=), 05=05 (+) | 2=2 (+)
sign of x — 1 —-1-1=-2 (f)i 05—-1=-05 (-) i 2-1=1 (+)
sign of 727 O/ =+ 1 == @)=+
| |
I I
| |

Hence D(g) = (—o0,0] U (1, ).
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Ve . Find the domain of f.

EXAMPLE 4. Let f(z) =
T —

—_

B

is the quotient of v/ and /& — 1, then

Solution: Notice that f(x) = -

8

D(h) = D(vz) N D(Vz —1)\ {z:2—1=0}
= [0,
= [1

00) N [1,00) \ {1}
00) \ {1} = (1, 00).

?

| I | | | I | | | m
T T T T T T T T T :
4 -3 -2 -1 | 1 2 3 4 5
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The Composition of Functions
Definition .2: [Composition of two functions]

The composition of two functions f and g, written f o g, is defined by (f o g)(x) = f(g(x))
for all z such that « is in the domain of g and g(x) is in the domain of f.

Note 1: D(fog)={z: z € D(g) and g(z) € D(f(g9(2)))} = D(9) N D(f(g(2))).

EXAMPLE 5. If f(z) = 2% + 4 and g(x) = v/x — 4. Find the domain of the following:f o g,
and go f.

Solution:
1. We have (fog)(z) = f(g(x)) = f(Wz—4) = V2 -4 +4 =2 —-4+4 = x
(f(g(x))) = D(x) = R.
Hence D(f o D(g(x)) N D(f

9) = 9(x) ) RN [4,00) = [4,00).
2. We have (go f)(z) = 22 +4) = Va2 +4—4=Va2 = |z|, D(f) =R, and
D(g(f(x))) = D(|z]) = R.

Hence D(g o f) = D(f(2)) N D(g(f(2))) =RNR = R.

D(g) = [4,00) =ahd D
(z
(f
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EXAMPLE 6. If f(z) = /z and g(z) = /1 — z. Find the domain of the following: f o g, and
gof

Solution:

1. We have (f o g)(x) = f(g(z)) = f(V1—z) =\/VI—2 = V1 —x. D(g) = (—o0,1] =
and D(Y1—z) = (—o0,1]. W
Hence D(f o g) = D(g(x)) N D(f(g(x))) = (=00,1].

2. We have (g o f)(x) = g(f(z)) = g(v/z) = \/1 -/, and D(f) = [0,00). =0 find
D(y/1 — /z) we have two conditions z > 0 and 1 — /x >0

1-Vz>0&1>2 move /2 to the other side
Syvr <1 rewrite the inequality
&(vr)> <1?  square both sides
sy <1 and since we have 0 < xz,
S0<xr<1

Hence D(/1 — /z) = [0,1]
Hence D{g o f) = D(f(x)) N D{g(f(x))) = [0,1] N [0,0) = [0,1].

5
é



	  Combinations of Functions
	  Algebra of Functions:
	 The Composition of Functions


	d1: 
	d2: 
	d3: 
	d4: 
	d5: 
	d6: 
	graph1: 
	t1: 
	d7: 
	d8: 
	d9: 


