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The Ratio and The Root Tests

The Ratio Test

Theorem .1: [ Ratio Test]

Let
∞∑

n=1

an be a series and let L = lim
n→∞

|an+1|
|an| .

1. If L < 1, then
∞∑

n=1

an converges absolutely.

2. If L > 1 or L = ∞, then
∞∑

n=1

an diverges.

3. If L = 1, there is no conclusion.

Note 1: Use the Ratio Test when the nth term involves a factorial or exponential and do
not use it for rational series. Two things you need to remember about the Ratio Test it
gives absolutely convergence and fails if the limit is 1.
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Example 1. Determine whether the series converges or diverges

1.
∞∑

n=1

2n

n!
2.

∞∑
n=1

nn

n!

Solution:

1. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣ 2n+1

(n + 1)!
n!
2n

∣∣∣∣
= lim

n→∞

∣∣∣∣ ��2n · 2
(n + 1) ·��n!

��n!
��2n

∣∣∣∣ = lim
n→∞

2
n + 1

= 0 < 1

Therefore
∞∑

n=1

2n

n!
absolute converges by Ratio Test.

2. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣ (n + 1)n+1

(n + 1)!
n!
nn

∣∣∣∣
= lim

n→∞

∣∣∣∣����(n + 1) · (n + 1)n

����(n + 1) ·��n!
��n!
nn

∣∣∣∣ = lim
n→∞

(n + 1)n

nn

= lim
n→∞

(
n + 1

n

)n

= lim
n→∞

(
1 +

1
n

)n

= e > 1

Therefore
∞∑

n=1

nn

n!
diverges by Ratio Test. �
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Example 2. Determine whether the series converges or diverges

1.
∞∑

n=1

(−1)nn

3n
2.

∞∑
n=1

(−1)nn!
πn

Solution:

1. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣ (−1)n+1(n + 1)
3n+1

3n

(−1)nn

∣∣∣∣
= lim

n→∞

∣∣∣∣���(−1)n · (−1)(n + 1)
3 ·��3n

��3n

���(−1)nn

∣∣∣∣ = lim
n→∞

n + 1
3n

= 1/3 < 1

Therefore
∞∑

n=1

(−1)nn

3n
absolute converges by Ratio Test.

2. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣ (−1)n+1(n + 1)!
πn+1

πn

(−1)nn!

∣∣∣∣
= lim

n→∞

∣∣∣∣���(−1)n · (n + 1)��n!
��πn · π

��πn

���(−1)n��n!

∣∣∣∣ = lim
n→∞

n + 1
π

= ∞

Therefore
∞∑

n=1

(−1)nn!
πn

diverges by Ratio Test. �
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The Root Test

Theorem .2: [Root Test]

Let
∞∑

n=1

an be a series and let L = lim
n→∞

n
√
|an|.

1. If L < 1, then
∞∑

n=1

an converges absolutely.

2. If L > 1 or L = ∞, then
∞∑

n=1

an diverges.

3. If L = 1, there is no conclusion.

Example 3. Determine whether the series converges or diverges
∞∑

n=1

(−2)n

nn

Solution: Let an =
(−2)n

nn
. Then |an| =

∣∣∣∣ (−2)n

nn

∣∣∣∣ =
∣∣∣∣−2

n

∣∣∣∣
n

Hence n
√
|an| = n

√∣∣∣∣−2
n

∣∣∣∣
n

=
∣∣∣∣−2

n

∣∣∣∣ =
2
n

. Thus lim
n→∞

n
√
|an| = lim

n→∞
2
n

= 0 < 1.

Hence
∞∑

n=1

(−2)n

nn
absolute converges by Root Test. �
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Example 4. Determine whether the series converges or diverges

1.
∞∑

n=1

(
n + 1
2n− 1

)2n

2.
∞∑

n=1

nn2

(n + 2)n2

Solution:

1. lim
n→∞

n
√
|an| = lim

n→∞
n

√√√√∣∣∣∣∣
(

n + 1
2n − 1

)2n
∣∣∣∣∣

= lim
n→∞

(
n + 1
2n − 1

)2

=
(

lim
n→∞

n + 1
2n − 1

)2

= (1/2)2 = 1/4 < 1

Therefore
∞∑

n=1

(
n + 1
2n − 1

)2n

absolute converges by Root Test.

2. lim
n→∞

n
√
|an| = lim

n→∞
n

√∣∣∣∣ nn2

(n + 2)n2

∣∣∣∣ = lim
n→∞

n

√√√√∣∣∣∣∣
(

n

n + 2

)n2
∣∣∣∣∣ = lim

n→∞

(
n

n + 2

)n

= lim
n→∞

(
n + 2 − 2

n + 2

)n

= lim
n→∞

(
1 +

−2
n + 2

)n

= e−2 < 1.

Therefore
∞∑

n=1

nn2

(n + 2)n2 absolute converges by Root Test. �
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Example 5. Find all values of p such that the given series converges

1.
∞∑

n=1

pn

n
2.

∞∑
n=1

np−1epn

Solution:

1. lim
n→∞

n
√
|an| = lim

n→∞
n

√∣∣∣∣pn

n

∣∣∣∣ = lim
n→∞

|p|
n
√

n
= |p|

Therefore
∞∑

n=1

pn

n
absolute converges if |p| < 1 and diverges if |p| > 1. When |p| = 1 ⇔

p = ±1 and since
∞∑

n=1

1
n

diverges and
∞∑

n=1

(−1)n

n
converge. Thus

∞∑
n=1

pn

n
converges for

−1 ≤ p < 1.

2. lim
n→∞

n
√
|an| = lim

n→∞
n
√
|np−1epn| = lim

n→∞
(

n
√

n
)p−1

ep = ep

Therefore
∞∑

n=1

pn

n
absolute converges if ep < 1 and diverges if ep > 1. Thus the series

converges if ln (ep) < ln 1 ⇔ p < 0. Hence the series converges if p < 0. Now, if p = 0 we

have
∞∑

n=1

np−1epn =
∞∑

n=1

1
n

diverges. Thus
∞∑

n=1

np−1epn converges for p < 0. �
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