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Comparison Tests

Comparison Test

Theorem .1: [Comparison Test]

Let
∞∑

n=1

an be a series with no negative terms.

(i)
∞∑

n=1

an converges if there is convergent series
∞∑

n=1

bn with an ≤ bn for all n ≥ N for

some integer N. [ if the bigger converges ⇒ the smaller converges]

(ii)
∞∑

n=1

an diverges if there is divergent series
∞∑

n=1

bn with bn ≤ an for all n ≥ N for some

integer N. [ if the smaller diverges ⇒ the bigger diverges]
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Note 1: When using the Comparison Test or the Limit Comparison Test you need to
compare the given series or the behavior of the given series to a series you know that it
converges or diverges ( usually this series is a geometric or a p-series).
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Two principles to keep in your mind; the first: the constant terms in the denominator of a
series can be deleted without affecting the convergence or the divergence of the sires. The
second: polynomial behaves like their leading term( the term with the highest power ).
I will use ∼ to say two series behave similar.
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∞∑
n=1

1√
n ± 1

∼
∞∑

n=1

1√
n

∞∑
n=1

1
3n ± 1

∼
∞∑

n=1

1
3n

∞∑
n=1

n2 + n + 1
n3 +

√
n

∼
∞∑

n=1

n2

n3
=

∞∑
n=1

1
n

∞∑
n=1

5n + n + 1
3n + 2n

∼
∞∑

n=1

5n

3n
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Example 1. Determine whether the series converges or diverges

1.
∞∑

n=1

cos−1
(

1
n

)
n2

2.
∞∑

n=2

1
3
√

n − 1

Solution:

1. We know that 0 ≤ cos−1 x ≤ π❍? for all −1 ≤ x ≤ 1. Hence

cos−1

(
1
n

)
≤ π dived both side by n2,

cos−1
(

1
n

)
n2

≤ π

n2
, ∀n ≥ 1.

Since
∞∑

n=1

π

n2
= π

∞∑
n=1

1
n2

which is a p-series with p = 2 > 1 and hence converges, then

∞∑
n=1

cos−1
(

1
n

)
n2

converges by Comparison Test (C.T.)

2. Since 3
√

n − 1 ≤ 3
√

n, ∀n ≥ 2 ⇔ 1
3
√

n
≤ 1

3
√

n − 1
∀n ≥ 2, and since

∞∑
n=2

1
3
√

n
which

is a p-series with p = 1/3 < 1 and hence diverges, then
∞∑

n=2

1
3
√

n − 1
diverges by

Comparison Test (C.T.)

�
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1 2-1-2

� π y = cos−1 x
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Example 2. Determine whether the series converges or diverges

1.
∞∑

n=1

[1 − cos
(

1
n2

)
] 2.

∞∑
n=1

sin
(

1
3n

)

Solution:

1. Since [1 − cos
(

1
n2

)
] ≤ 1

n2
❍? for all n ≥ 1, and since

∞∑
n=1

1
n2

which is a p-series with

p = 2 > 1 and hence converges, then
∞∑

n=1

[1−cos
(

1
n2

)
] converges by Comparison Test

(C.T.)

2. Since Since sin
(

1
3n

)
≤ 1

3n
❍? for all n ≥ 1, and since

∞∑
n=2

1
3n

which is a geometric series

with r = 1/3 < 1 and hence converges, then
∞∑

n=2

sin
(

1
3n

)
converges by Comparison

Test (C.T.)

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

Using the mean value theorem: if f is continuous on [a, b] and differentiable on

(a, b), then there exist c ∈ (a, b) such that
f(b) − f(a)

b − a
= f ′(c).

Use this for f(t) = sin t and g(t) = cos t on [0, x] if x > 0 and [x, 0] if x < 0. Then

f(x) − f(0)
x − 0

= f ′(c)
g(x) − g(0)

x − 0
= g′(c)

sin x − sin 0
x − 0

= cos c
cosx − cos 0

x − 0
= − sin c∣∣∣∣sin x

x

∣∣∣∣ = | cos c|
∣∣∣∣cosx − 1

x

∣∣∣∣ = | − sin c|
| sin x|
|x| = | cos c| ≤ 1

| cosx − 1|
|x| = | − sin c| ≤ 1

| sin x| ≤ |x| | cosx − 1| ≤ |x|
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Example 3. Determine whether the series converges or diverges

1.
∞∑

n=1

3n + 2
2n − 1

2.
∞∑

n=1

ln n√
n

Solution:

1. Since

3n + 2 > 3n, 2n − 1 < 2n ⇔ 3n + 2 > 3n,
1

2n − 1
>

1
2n

⇒ 3n + 2
2n − 1

>
3n

2n

and since
∞∑

n=1

3n

2n
=

∞∑
n=1

(
3
2

)n

which is a geometric series with with |r| = 3/2 > 1 and

hence diverges, then
∞∑

n=1

3n + 2
2n − 1

diverges by Comparison Test (C.T.)

2. Since 1 < ln n❍? for all n ≥ 3, hence
1√
n

<
ln n√

n
, n ≥ 3, and since

∞∑
n=2

1√
n

which is

a p-series with p = 1/2 < 1 and hence diverges, then
∞∑

n=2

ln n√
n

diverges by Comparison

Test (C.T.)

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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-1

-2

-3

1 2 3 4 5

|

e

y = ln x
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Note 2: To use the Comparison Test to prove convergence: you have to show that
the given series less than or equal to (≤) a convergent series.
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To use the Comparison Test to prove divergence: you have to show that a divergent
series less than or equal to (≤) the given series.
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Some time Comparison Test does not work for example the series
∞∑

n=1

1
n + 1

is diver-

gent since
1

n + 1
∼ 1

n
, but since

1
n + 1

<
1
n

we can not use Comparison Test, this be-

cause the given series (
∞∑

n=1

1
n + 1

) is less than a divergent series (
∞∑

n=1

1
n

)❍? . Also the series

∞∑
n=1

1
2n3 − n

is convergent since
1

2n3 − n
∼ 1

n3
, but since

1
2n3

<
1

2n3 − n
we can not use

C.T., this because the given series (
∞∑

n=1

1
2n3 − n

) is bigger than a convergent series (
∞∑

n=1

1
2n3

)❍? .
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Example 4. Determine whether the series converges or diverges

1.
∞∑

n=1

2n

3n − 1
2.

∞∑
n=1

(
n

3n + 1

)n

Solution:

1. Since

3n > 3n − 1 Hence
1
3n

<
1

3n − 1
multiply by 2n

2
3

=
2n

3n
<

2n

3n − 1
, ∀n ≥ 1.

Since
∞∑

n=1

2
3

is divergent ( lim
n→∞

2
3

=
2
3

= 0), then

∞∑
n=1

2n

3n − 1
diverges by Comparison

Test (C.T.)

2. Since 3n + 1 > 3n, ∀n ≥ 1 ⇔ 1
3n + 1

≤ 1
3n

∀n ≥ 1, ⇔ n

3n + 1
<

n

3n
=

1
3

⇒(
n

3n + 1

)n

<

(
1
3

)n

and since
∞∑

n=2

(
1
3

)n

which is a geometric series with |r| = 1/3 <

1 and hence converges, then
∞∑

n=2

(
n

3n + 1

)n

converges by Comparison Test (C.T.)

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Limit Comparison Test

Theorem .2: [Limit Comparison Test]

Let
∞∑

n=1

an and
∞∑

n=1

bn be two series of positive terms. Let lim
n→∞

an

bn
= C.

1. If C > 0, then either both series converge or both diverge.

2. If C = 0 and
∞∑

n=1

bn converges, then
∞∑

n=1

an converges.

3. If C = ∞ and
∞∑

n=1

bn diverges, then
∞∑

n=1

an diverges.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 5. Determine whether the series converges or diverges
∞∑

n=1

1
n + 1

Solution: Let an =
1

n + 1
and since

1
n + 1

∼ 1
n

, let bn =
1
n

. Now, since

lim
n→∞

an

bn
= lim

n→∞

1
n + 1

1
n

= lim
n→∞

n

n + 1
= lim

n→∞
1

1 + 1/n
= 1 > 0, and since

∞∑
n=1

1
n

is a

Harmonic series which is divergent, then
∞∑

n=1

1
n + 1

diverges by L.C.T. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 6. Determine whether the series converges or diverges
∞∑

n=1

5n − n

2n + 3n

Solution: Let an =
5n − n

2n + 3n
and since

5n − n

2n + 3n
∼ 5n

3n
, let bn =

(
5
3

)n

. Since

lim
n→∞

an

bn
= lim

n→∞

5n − n

2n + 3n

5n

3n

= lim
n→∞

[
5n − n

5n
· 3n

2n + 3n

]

= lim
n→∞

[(
1 − n

5n

)
· 1
(2/3)n + 1

]
n/5n, (2/3)n → 0 as n → ∞❍?

= (1 − 0)
(

1
1 + 0

)
= 1 > 0.

and since
∞∑

n=1

5n

3n
=

∞∑
n=1

(
5
3

)n

which is a geometric series with with |r| = 5/3 > 1 and hence

diverges, then
∞∑

n=1

5n − n

2n + 3n
diverges by Limit Comparison Test (L.C.T.) �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

Let a > 1.

lim
x→∞

x

ax

L.H.︷︸︸︷
= lim

x→∞
1

ax ln a
= 0.

Also lim
n→∞ rn =

{
0, if |r| < 1;
DNE, if |r| > 1.
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Example 7. Determine whether the series converges or diverges
∞∑

n=1

ln nn

√
n + 1

Solution: Let an =
ln nn

√
n + 1

=
n ln n√
n + 1

and since
n lnn√
n + 1

∼ n lnn√
n

=
√

n ln n,

let bn =
√

n ln n. Since

lim
n→∞

an

bn
= lim

n→∞

n ln n√
n + 1√
n ln n

= lim
n→∞

n

(
√

n + 1)
√

n

= lim
n→∞

√
n√

n + 1

= lim
n→∞

1
1 + 1/

√
n

=
1

1 + 0
= 1 > 0,

and since
∞∑

n=1

√
n ln n diverges by Divergence Test ( lim

n→∞
√

n ln n = ∞ 
= 0.), then
∞∑

n=1

ln nn

√
n + 1

diverges by Limit Comparison Test (L.C.T.) �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Note 3: When using Limit Comparison Test you have to pay attention to some of special
limit. From Calculus we know that

1. lim
x→0

sin x

x
= 1 2. lim

x→0

1 − cosx

x
= 0.

Another way of way of writing this is

1. lim
x→∞

sin
(

1
x

)
1
x

= 1 2. lim
x→∞

1 − cos
(

1
x

)
1
x

= 0.

Also, we know that f(x) = ax, 0 < a 
= 1, is differentiable with f ′(x) = ax ln a and hence
f ′(0) = ln a. Now,

ln a = f ′(0) use the definition of f ′(0)

= lim
x→0

f(0 + x) − f(0)
x

= lim
x→0

ax − a0

x

ln a = lim
x→0

ax − 1
x

.

Thus lim
x→0

ax − 1
x

= ln a, and therefore lim
x→∞

a
1
x − 1

1
x

= ln a.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 8. Determine whether the series converges or diverges

1.
∞∑

n=1

sin
(

1
n

)
2.

∞∑
n=1

[cos
(

1
3n

)
− 1]

Solution:

1. Let an = sin
(

1
n

)
and bn =

1
n

. Since lim
x→∞

an

bn
= lim

x→∞
sin

(
1
n

)
1
n

= 1 > 0 and since

∞∑
n=2

1
n

which is a harmonic series and hence diverges, then
∞∑

n=1

sin
(

1
n

)
diverges by

Limit Comparison Test (L.C.T.)

2. Let an = [cos
(

1
3n

)
− 1] and bn =

1
3n

. Since lim
x→∞

an

bn
= lim

x→∞
[cos

(
1
3n

) − 1]
1
3n

= 0 and

since
∞∑

n=2

1
3n

which is a geometric series with with |r| = 1/3 < 1 and hence converges,

then
∞∑

n=1

[cos
(

1
3n

)
− 1] converges by Limit Comparison Test (L.C.T.)

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 9. Determine whether the series converges or diverges

1.
∞∑

n=1

[51/
√

n − 1] 2.
∞∑

n=1

[21/n2 − 1]

Solution:

1. Let an = [51/
√

n − 1] and bn =
1√
n

. Since lim
x→∞

an

bn
= lim

x→∞
51/

√
n − 1
1√
n

= ln 5 > 0

and since
∞∑

n=2

1√
n

which is a p-series with p = 1/2 < 1 and hence diverges, then

∞∑
n=1

sin
(

1
n

)
diverges by Limit Comparison Test (L.C.T.)

2. Let an = [21/n2 − 1] and bn =
1
n2

. Since lim
x→∞

an

bn
= lim

x→∞
21/n2 − 1

1
n2

= 0 and since

∞∑
n=2

1
n2

which is a p-series with p = 2 > 1 and hence converges, then
∞∑

n=1

[21/n2 − 1]

converges by Limit Comparison Test (L.C.T.)

�
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