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Infinite Series

Definition .1: [Infinite Series]
Let {an}∞n=1 be a sequence of real numbers. We call

a1 + a2 + · · · + an + · · · =
∞∑

n=1

an

an infinite series , and an is the nth term of the series. For n ≥ 1, let

S1 = a1,

S2 = a1 + a2 = S1 + a2,

S3 = a1 + a2 + a3 = S2 + a3,

...

Sn = a1 + a2 + · · · + an = Sn−1 + an =
n∑

k=1

ak.

We call the sequence {Sn}∞n=1 the sequence of partial sum of
∞∑

n=1

an. We say that
∞∑

n=1

an converges

to a real number S, and we write
∞∑

n=1

an = S if the sequence {Sn}∞n=1 converge to S [ lim
n→∞

Sn = S].

We say that
∞∑

n=1

an diverges if the sequence {Sn}∞n=1 diverges.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �



Infinite Series c©Hamed Al-Sulami 3/14

Example 1. Determine whether the series
∞∑

n=1

(−1)n. converges or diverges.

Solution: Let us find the sequence of partial sum. Note that

Sn =
n∑

k=1

ak

S1 = a1 = −1, S2 = S1 + a2 = −1 + 1 = 0,

S3 = S2 + a3 = 0 − 1, S4 = S3 + a4 = −1 + 1 = 0
...

Sn =
{

0, if n is even;
−1, if n is odd.

Hence lim
n→∞Sn does not exist . Therefore

∞∑
n=1

(−1)n diverges . �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 2. Determine whether the series
∞∑

n=1

2−n. converges or diverges.

Solution: Let us find the sequence of partial sum.

S1 = a1 =
1
2
,

S2 =
1
2

+
1
22

,

...

Sn =
1
2

+
1
22

+ · · · + 1
2n−1

+
1
2n

.

Now, 2Sn = 1 +
1
2

+
1
22

+ · · · + 1
2n−2

+
1

2n−1
.

Hence, 2Sn − Sn =
[
1 +

�
��1
2

+
�
��1

22
+ · · · +

�
��1

2n−2
+

�
��1

2n−1

]
−

[
�
��1
2

+
�
��1

22
+ · · · +

�
��1

2n−1
+

1
2n

]
Sn = 1 − 1

2n
.

Thus lim
n→∞ Sn = lim

n→∞[1 − 1
2n

] = 1. Therefore
∞∑

n=1

2−n converges and
∞∑

n=1

2−n = 1. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Telescoping Series

A telescoping series is a series of the form
∞∑

n=1

[bn − bn+1] = (b1 − b2) + (b2 − b3) + (b3 − b4) + · · · .

Note that b2 is canceled by the second term and b3 is canceled by the third term, and so
on. The nth partial sum of the series is

Sn =
n∑

k=1

[bk − bk+1]

= [b1 − b2] + [b2 − b3] + ... + [bn − bn+1]
= b1 − bn+1.

Hence the telescoping series will converge if and only if the sequence {bn} converges and
∞∑

n=1

[bn − bn+1] = lim
n→∞Sn = b1 − lim

n→∞ bn.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 3. Determine whether the series
∞∑

n=1

ln
(

n

n + 1

)
. converges or diverges.

Solution: Let us find the sequence of partial sum.

Sn =
n∑

k=1

ln
(

k

k + 1

)

=
n∑

k=1

[ln k − ln k + 1]

= [(ln 1 −��ln 2) + (��ln 2 −��ln 3) + . . . + (�����ln (n − 1) −��ln n) + (��ln n − ln (n + 1))]
= [ln 1 − ln (n + 1)]
= − ln (n + 1).

Thus lim
n→∞ Sn = lim

n→∞[− ln (n + 1)] = −∞. Therefore
∞∑

n=1

ln
(

n

n + 1

)
diverges. �

Note 1: Using the partial fraction we can write

2
n2 + 2n

=
2

n(n + 2)
=

A❍?

n
+

B❍?

n + 2
=

1
n
− 1

n + 2
.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

2
n(n + 2)

=
A

n
+

B

n + 2
multiply both side by n(n + 2)

2 = A(n + 2) + Bn set n = 0 and n = −2
n = 0 ⇒ 2 = 2A ⇒ A = 1

n = −2 ⇒ 2 = −2B ⇒ B = −1
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Example 4. Determine whether the series
∞∑

n=1

2
n2 + 2n

. converges or diverges.

Solution: We know that
∞∑

n=1

2
n2 + 2n

=
∞∑

n=1

[
1
n
− 1

n + 2

]
. Let us find the sequence of partial

sum.

S1 = 1 − 1
3
,

S2 = (1 − 1
3
) + (

1
2
− 1

4
) = 1 +

1
2
− 1

3
− 1

4
,

S3 = (1 −
�
��1
3
) + (

1
2
− 1

4
) + (

�
��1
3
− 1

5
) = 1 +

1
2
− 1

4
− 1

5
,

...

Sn = 1 +
1
2
−

�
��1
n
− 1

n + 1
+

�
��1
n
− 1

n + 2
=

3
2
− 1

n + 1
− 1

n + 2
.

Thus lim
n→∞ Sn = lim

n→∞[
3
2
− 1

n + 1
− 1

n + 2
] =

3
2
. Therefore

∞∑
n=1

2
n2 + 2n

converges and

∞∑
n=1

2
n2 + 2n

=
3
2
. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Geometric Series

Theorem .1: [Geometric Series]

A geometric series For a �= 0, the geometric series
∞∑

n=0

arn = a + ar + ar2 + · · · + arn + · · ·
converges if |r| < 1 and diverges if |r| ≥ 1. If the series converges, then the sum is
∞∑

n=0

arn =
a

1 − r
. Proof: Suppose r �= 1, then

Sn =

n∑
k=0

ark = a + ar + · · · + arn,

rSn = ar + · · · + arn + arn+1,

Sn(1 − r) = Sn − rSn = [a + ar + · · · + arn] − [ar + · · · + arn + arn+1]

Sn = a − arn+1,

Sn =
a(1 − rn+1)

1 − r
.

Now, lim
n→∞

Sn = lim
n→∞

a(1 − rn+1)

1 − r
=

{ a

1 − r
, if |r| < 1;

DNE, if |r| ≥ 1.

Now, if r = 1, then Sn = (n + 1)a. Hence lim
n→∞

Sn = ∞.

�
❘ ➡ ➡ ➦ � � � � ➥ ➡ �

If |r| ≥ 1, we have lim
n→∞ rn does not exist and if |r| <

1 ⇒ lim
n→∞ rn = lim

n→∞ rn+1 = 0.
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Example 5. Determine the convergence or divergence of

1.
∞∑

n=0

2n

3n+1
2.

∞∑
n=0

4n

(−3)n−1
.

Solution:

1.
∞∑

n=0

2n

3n+1
=

∞∑
n=0

2n

3 · 3n

=
∞∑

n=0

1
3

(
2
3

)n

geometric series with r = 2/3, |r| = 2/3 < 1.

Hence
∞∑

n=0

2n

3n+1
=

1/3
1 − 2/3

= 1 converge

2.

∞∑
n=0

4n

(−3)n−1
=

∞∑
n=0

4 · 4n−1

(−3)n−1

=
∞∑

n=0

4
(−4

3

)n−1

geometric series with r = −4/3, |r| = 4/3 > 1.

Hence
∞∑

n=0

4n

(−3)n−1
diverges �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 6. Express the repeating decimal 5.23232323 · · · as the ratio of two integers.

Solution:

5.23232323 · · · = 5 +
23
100

+
23

(100)2
+

23
(100)3

+ · · ·

= 5 +
23
100

geometric series with r = 1/100 and a = 1, converges︷ ︸︸ ︷[
1 +

1
100

+
(

1
100

)2

+
(

1
100

)3

+ · · ·
]

= 5 +
23
100

[
1

1 − 1
100

]

= 5 +
23

��100
��100
99

= 5 +
23
99

=
5(99) + 23

99
=

518
99

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Harmonic Series

Theorem .2: [Harmonic Series]

The series
∞∑

n=1

1
n

is called the harmonic series and it is divergent.

Proof: For each n ≥ 1 we have Sn+1 ≥ Sn. Thus {Sn} is an increasing sequence. We will
try to find a subsequence of the sequence of partial sum that is unbounded.

S20 = S1 = 1,

S21 = S2 = 1 +
1
2
,

S22 = S4 = 1 +
1
2

+
1
3

+
1
4

= S21 +
[
1
3

+
1
4

]
> S21 +

[
1
4

+
1
4

]
= 1 +

1
2

+
1
2

= 1 +
2
2
,

S23 = S8 = 1 +
1
2

+ · · · + 1
8

> S22 +
[
1
8

+
1
8

+
1
8

+
1
8

]
> 1 +

2
2

+
1
2

= 1 +
3
2
,

S2n = 1 +
1
2

+ · · · + 1
2n

> 1 +
n

2
.

Now, the subsequence {S2n} of the sequence {Sn} is unbounded. Hence {Sn} is unbounded.

Therefore lim
n→∞Sn = ∞, and the series

∞∑
n=1

1
n

is divergent.

�
❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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The Divergence Test

Theorem .3: [Limit of the nth term of a Convergent Series]

If
∞∑

n=1

an converges, then lim
n→∞ an = 0.

Proof: Let {Sn} be the sequence of partial sum of
∞∑

n=1

an. Note that an = Sn − Sn−1.

Now, since
∞∑

n=1

an converges, then lim
n→∞ Sn = S ∈ R exist and lim

n→∞ Sn = lim
n→∞Sn−1.

Hence lim
n→∞ an = lim

n→∞[Sn − Sn−1] = 0.

�
Theorem .4: [The Divergence Test]

If lim
n→∞ an �= 0, then the series

∞∑
n=1

an diverges.

Note 2: Notice that lim
n→∞ an = 0 does not imply the convergence of

∞∑
n=1

an. For

example lim
n→∞

1
n

= 0, but the
∞∑

n=1

1
n

(Harmonic series )is divergent.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 7. Determine the convergence or divergence of

1.
∞∑

n=0

tan−1 n 2.
∞∑

n=0

sin n.

3.
∞∑

n=0

(
1 +

5
n

)n

4.
∞∑

n=0

7.

Solution:

1. Since lim
n→∞ tan−1 n =

π

2
�= 0, then

∞∑
n=0

tan−1 n diverges by The Divergence Test.

2. Since lim
n→∞ sinn �= 0, then

∞∑
n=0

sin n diverges by The Divergence Test.

3. Since lim
n→∞

(
1 +

5
n

)n

= e5 �= 0, then
∞∑

n=0

(
1 +

5
n

)n

diverges by The Divergence Test.

4. Since lim
n→∞ 7 = 7 �= 0, then

∞∑
n=0

7 diverges by The Divergence Test.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Theorem .5: [Properties of Series]

If
∞∑

n=1

an and
∞∑

n=1

bn are convergent series. Then
∞∑

n=1

can, c ∈ R, and
∞∑

n=1

(an ± bn) are

convergent with
∞∑

n=1

can = c

∞∑
n=1

an, and
∞∑

n=1

(an ± bn) =
∞∑

n=1

an ±
∞∑

n=1

bn.

Example 8. Give an example for

1. two series both diverge but their sum
converge

2. two series one diverge and the other
converge with divergent sum.

Solution:

1. Since lim
n→∞

[(
1

3
)n ± 2] = ±2 �= 0, then

∞∑
n=0

[(
1

3
)n ± 2] diverges by The Divergence Test. Now,

((
1

3
)n + 2) + ((

1

3
)n − 2) = 2(

1

3
)n, hence

∞∑
n=1

2(
1

3
)n is G.S with r = 1/3 < 1 converges.

2. The series

∞∑
n=0

1

2n
is convergent and the series

∞∑
n=0

3n

2n
is divergent.

Now, lim
n→∞

[
1

2n
+

3n

2n
] = ∞, hence

∞∑
n=0

[
1

2n
+

3n

2n
] is divergent.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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