Normed and Banach Spaces Functional Analysis

NORMED AND BANACH SPACES

1. NORMED AND BANACH SPACES

Definition 1.1:[Normed Space]
Let X be a linear space over the field F. A mapping || . ||: X — R is said to be a norm on x if it satisfies the following
conditions

(D) [[x|>0 VxeX

@) [[x[|[=0=x=0

(3) lox|=lal || x|, VxeX (Homogenity of norm)

@ || x+yI<[[x||+ |yl Vx,y€X (Triangle Inequality)

Example 1: The linear spaces R, C are both normed spaces with norm given by ||x|| = |x|.

Note 1: A norm ||.|| on X defines a metric d on X given by d(x,y) = ||x—y||.
Note that d(x — 1.0) = [|(x—y) — 0] = bt — || = d(x.) and d(ax,0) = lax] = |al | = lald(x,0).
Definition 1.2:[]
Let X be a normed space over the field .
(1) The open ball center at xyp € X with radius r > 0 is the set B,(xg) = {x € X : [|[x—xo|| < r}.
(2) A sequence {x,} C X is called convergent if 3x € X such that r}grolo ||x, — x|| = 0.
(3) A sequence {x,} C X is called Cauchy if Ve >0, 3N € N such thatif n,m > N = ||x, — x| < €.
(4) The normed space X is complete if every Cauchy sequence in X is convergent in X.

(5) The normed space X is Banach space if X is complete.

Note 2: Let X be a normed space. Let xp € X, and r > 0, then

Br(xo) ={x€X:|x—xo|| <r} lety=x—xo & x=x0+y
={xo+y: Iyl <r}
=xo+{y: Iyl <7}

=xo + B, (0)
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Thus the open ball center at any point in X is the translate of the ball center at 0 with the same radius. Also,

B,(0) ={x € X : ||x|| < r}

:{x:H{H<1} lety:{<:>x:ry
r r

={ry: [yl <1}
=r{y: |yl <1}
:VBl(O)

Hence B, (xo) = xo+ B(0) = xo + rB1(0). Thus in any normed space we can consider the unit open ball.
Lemma I: Let X be a normed space over F. Let {x,},{y,} C X such that lim x, =x € X and limy, =y € X, and let
n—oo n—o0

{an} C F such that lim a, = a € F. Then
n—oo

@ [l =yl < llx=yll, Vx,yeX.
(b) r}l_rllo(xn +Yn) =x+y.

(¢) lim a,x, = ax.
n—oo

Proof:
(a)
[l =[lx =y +y
<=yl + Iyl
[xl| = Iyl <[lx =
Y[l = Iy —x+x]]
< ly =l + [lx]
Y= llxll < lly =l = llx =y
— (el = lIyll) < llx =yl
Thus [lx]| = [ly]| = = [lx =y
Hence — [lx—y|| < |lx]| = [[y[| < [lx— Il
(b)

([ +yn) = e+ )| = [btn = x+ 30 =

<lx—n—x|+llyn—yll — 0 asn — co.
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(c) Since lima, =a,then IM >03|a,| <M Vn>1.
n—oo

lanx, — ax|| =||anx, — anx + ayx — ax||
<||anxn — anx|| + ||anx — ax||
<lan| llxn — x|+ an — al [|x]|

<M ||x, —x|| + |an —al||x]] — 0asn— oo.

Definition 1.3:[]

n
Let X be a normed space over the field F. Let {x,} C X be a sequence and for each n > 1, let s, = Z xi. The sequence
k=1
{su} is called the sequence of partial sums. The sequence {x, } is called summable to s € X if {s,} converges. Thus {x,}

is called summable if lim ||s, — s|| = 0. The sequence {x,} is called absolutely summable if Y x| < oo.
n—oo el

Theorem 1.1: []

A normed space X is a Banach space iff every absolutely summable sequence in X is summable in X .
( =) Suppose that X is a Banach space. Let {x, } be an absolutely summable sequence in X .

Then Z ||xz]| = M < oo. Hence foreach € >0, 3 N € N such that Z B

n=1 n=N
Now,

n

L

k=m+1

n
< ) Il

k=m+1

ifn>m>N=|s,—snl| =

o

< Y Il <e

k=N
Thus {s,} is a Cauchy sequence in X, hence {s,} is convergent since X is Banach space. Therefore {x, } is summable.
(«=) Suppose each absolutely summable sequence in X is summable in X. Let {x,} C X be a Cauchy sequence in X.
Now, since {x,} is Cauchy, 3 ny € N such that if n,m > ny = |[x, — x| < 5. Also, 3 n5 € N such that if n,m >
1 = ||y — x| < 22, and let np > max{ny,n5}. Now, ny > nj and if n,m > ny = [|x, — x| < 2% Hence ny,ny > np =

1%, — %, || < 2—2. Continuing this way, we have for each k >2  3dn; | > ng such that ||x,,k+1 — Xp, || < 2—1,( Now, {x,, }isa

k
— X, V, k> 1. Note that ||yel| = ||xn,, — X, || < zi,( and Zyi = Xngyy
i=1

o o ©
Now, Z el = Ilyoll + Z el < llyoll + Z %= lvo|l + 1 < 0. Thus {y;} is absolutely summable and hence it summa-

subsequence of {x, }. Set yo = x,, and y; = xp,,,

k
ble by assumption. Hence Z yr =x € X. Now 11m N Xy = hm Z yi= Z y; = x. Thus l1m X =X € X. Thus, the Cauchy
k=0 = i=0
sequence {x, } has a convergent subsequence {xnk} convergent to x. Therefore lim x,, = x € X. Hence X is a Banach space.

n—oo
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Example 2: Let p be a real number such that 1 < p < co. [, is the space of all sequence x = {x,};-_, in [ such that

¥ [xn]? <o (x={xn};_, converges).
n=

Ly ={x={xa}0_, | ):1 |xu|? <o, xy, € F,Vn € N} with the norm is given by ||x[|, = Y xlr, x={x}elisa
n= n=0

oo =

Banach space. To see that we will prove the tringle inequality and the completness. Let x = {x,}>" , and y = {y,};"_, in

[, then using Minkowski Inequality. we have

Ix+yll, = ¢/ X [ +yal?
n=0
< Z xa|? + Z [yn|?
n=0 n=0

= llxll, + 1yl -

Let {x; }, where x; = {xflk)}, be a Cauchy sequence in /,, such that Z |x5,k) |P<oo, k>1.Now,foreache>0,INeN>
n=1
(m)

xz(n) —X;

ad € €
ifn,m>N =[xy —xu| , = Z|x§n>fx§m)|l’<§.Now, |= \xﬁ”)—xf’”ﬂpg Hxnfxm\|p<§.Thusforeach
i=1

fixed i(1 <i < o), the sequence {xl(”)} is Cauchy in [F which is complete. Hence the sequence {xgn)} is convergent. Hence

n . o n m 8
foreach 1 <i<e, lim xf ) = x; € F. Now, let x = {xi}. Now, if n,m > N = |lx, — x| = Z |xl( ) —xl( )|p < (E)p
e i=1

Letting m — oo, we obtain, ||x, —x||p < § <e.Hencex,—x= {xl(n) —x;} €1, Since x,, X, —x € [, = x =X, + (x —X,,) €[,

Thus {x;}, convergent to x € ,,. Hence I, is a Banach space.

Example 3: Let a,b be two real numbers such that a < b. Consider C([a, b)) is the space of all continuous functions f
over [a,b],

C(la,b]) = {f : [a,b] — F | f is continuous on [a,b]}, with norm ||f]|., = sup |f(x)|. Then (C([a,d]),]|-|..) is a Banach
x€[a,b]
space. It is easy task to check that ||.||., is a norm. We will prove the completeness of C([a,b]). Let {f,} be a Cauchy
€
sequence in C([a,b]). Then, foreach € > 0,3IN e N3 if n,m >N = || f, — fullw = sup |fu(x) — fi(x)| < 7 Thus, for a
x€la,b)

fixed xo € [a,b], we have if n,m > N = | f,,(x0) — fin(x0)] < | fu — finllw = sup |fu(x) = fin(x)| < % Hence the sequence
x€la,b
{fu(x0)} is a Cauchy sequence in [, since [ is Banach space, then this sequence converges. Let f(xo) = lim f;(xo).
n—oo

Now, for each x € [a,b]. let f(x) = lim £, (x). Now, we have if n,m > N = [ fu(x) = fuu(0)| < fu = full.o = sup] |fu(x) —

x€la,b
€ . : . : : :
Sm(x)] < > Vx € [a,b]. Letting m — oo, we obtain, ||f, — f||., < 5 < & and since f, is continuous and convergence is

uniformly, then f € C([a,b]). Therefore C([a,b]) is Banach space.
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Example 4: Consider the space C([—1, 1]) equipped with the norm || f||, = / | f(x)| dx. We will show that (C([—1,1]), ||.|I;)
-1

1, if —1 <x<0;
is not Banach space. Let {f;,} be the sequence in C([—1,1]), where f,,(x) =< —nx+1, if0<x< %;
0, ifl<x<l.
Below the graphs of f, and f,, — f,;, for m > n.
Y
y = fn(z) Y
+ y=fm(x) m>n
* - | — @
1 1 . | )
FIGURE 1 FIGURE 2
Now, Since
1 1
an_mel = m 2m —0asn,m— oo,

hence { f,} is Cauchy sequence in C([—1, 1]). Suppose there is f € C([—1,1]) such that lim || f,, — f||, = 0. Hence
n—00

0=1im | £, — /I,
1

= tim [ |fu(x) — £(x) dx

"—’°°71
0 I/n 1
—lim | [ 1= fldx+ [ 100~ fe)ldx+ [ 1f)]dx
—1 0 1/n

Hencejq|1—f(x)|dx:0:>|1—f(x)\:0 Vxe[-1,0]= f(x)=1 Vxe[-1,0].
-1

1 1, if—1<x<0;
Also, lim [ |f(x)|dx=0= f(x)=0 Vxe (0,1]. Therefore f(x) = ¢ C([—-1,1)).
ey, 0, if0<x<1.

Hence (C([—1,1]),]/.||;) is not Banach space.
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Example 5: Consider the space C'([0,1]) = {f:[0,1] — F: f' € C([0,1])} equipped with the norm || f||., = sup [f(x)|.
x€[0,1]

1
We will show that (C'([0,1]),]].]|..) is not Banach space. Let {f,} be the sequence in C' ([0, 1]), where f,(x) = {/x% + —
n

Below the graphs of some of f,, and some of f,, — f,, for m > n.

y:fn(x y:fn(x)_fm(x)

—
|
| \
—
|
T

=
| T L .
[ f ‘
-1 1 1

FIGURE 3 FIGURE 4
Now, Since
1 1
[ fn = finlloo = ﬁ*ﬁ — 0 asn,m— oo

hence {f,} is Cauchy sequence in C!([0,1]). Now, f(x) = lim f,(x) = Vx2 = |x|, hence {f,(x)} converges pointwise to
n—oo
f(x) = .

1fn = Fllw = sup |fu(x) = f(x)]

x€[0,1]
1
= sup |\/x2+—— x|
x€[0,1] n
1

=———0 asn— oo,

N
Hence the convergence is uniformly on [0, 1], but f(x) = || is not differentiable at x = 0. Thus f(x) = |x| ¢ C'(]0,1]).

Hence (C'([0,1]).,]|-]l..) is not Banach space.

December 16, 2008 6 © Dr.Hamed Al-Sulami



Normed and Banach Spaces Functional Analysis

1.1. Subspaces and Quotient Spaces.
Definition 1.4:[Closed subspace]
Let X be a normed space and Y be a linear subspace of X. We say that Y is a closed subspace if Y is a closed subset of X
under the norm topology.
Example 6: Consider l., = {x = {x,};>_, | sup [x,| < oo, x, € F,Vn € N} with the norm ||{x,};7_,|| = sup |x,|. Now, the
space ¢ = {x = {x, }o_, | ,}Ln;x" elF, x, g?, Vn € N} is a closed subspace of /. "<t
Also, co = {x={x,}, | r}i_r&x,, =0, x,€lF,VvneN}isaclosed subspace of c.
Theorem 1.2: []
Let Y be a subspace of a Banach space X. Then Y is a Banach subspace (complete) iff Y is closed.

(=) Suppose that ¥ is a Banach subspace. Let x € Y. Then, for each n > 1 there is x, € (B),(x) N (Y \ {x})).
Now, {x,} C Y such that ||x, —x|| < % Vn > 1. Thus r}groloxn = x. Hence {x,} is a Cauchy sequence in ¥ and must be
converge in Y because Y is complete. Thus x € Y and hence Y is closed.
(<) Suppose that Y is closed. Let {x, } be a Cauchy sequence in ¥ and hence in X. Since X is a Banach space then there
is x € X such that r}lfolo X, = x. Since {x,} is a sequence in ¥ and Y is closed, then x € Y =Y. Thus {xn} is convergent in

Y. Thus Y is a Banach subspace.

Theorem 1.3: [Quotient Space]

Let X be a normed space over [ and let M be a closed subspace of X. Define ||.|, : X — Rby [x+M|, = in{/l l|lx+m]|.
me

Then (3, ||.| ;) 1s a normed space. Moreover, if X is a Banach space, then X is a Banach space.

We know that the quotient space 2: = {x+M : x € X} is a liner space. We will show .|| 4 is anorm.

L. Since [|x+m[| >0 Vx€X andVm € M, then ||x+M||, > 0.
2. Note thatif x+ M =M =[x+ M||, = [|0+M||, = [|0]| = 0. Now, let [|x+ M|, = O for some x € X. Then, for
eachn>1,3m, € M > ||x+m,|| < |x+M| + 1 =1 Hence lim |x+m,| =0= —m, — x as n — . But, since
n—s00

M is closed, thenx € M = x+M = M. Thus ||x+ M|, =0 x+M =M.
3. Forxe X and o € F, o £ 0, we have

lo(x+M) ||, =llox+ M,
= inf |jox+m| letm = m
meM o
= inf HO(x—me’H
m'eM
= inf || |[x+m'||
m'eM
=|af inf [lx+n||
m'eM

=|af [x+ M,
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4. For x,y € X, we have

[(x+M)+ (y+M)|, =[(x+y)+Ml|,

l

= inf ||(x+y)+m| letm=m;+my, my,meM
meM

= inf_ [[(x+m1)+(y+m)]

my,myEM

< inf
< Inf Al {ly+mo |}

my,mp

< inf [lx+mi+ inf [[y+ms
myeEM myeM

= e +Mll, +lly+Ml,

Suppose that X is a Banach space. Let {x, + M} be a Cauchy sequence in % Now, dn; e N > ifn,m > ny =
[ +M) = (xm +M)||,, < 1. Also, 3nh N3 if n,m >nb = || (xy + M) — (xm +M)||, < 2% Choose ny > max{ni,n}},
we have ny >ny and ny,ny > ny = ||(xn, + M) — (xn, + M)||, < 1. Continuing this way we have a subsequence {x,, +M}
of {x, + M} such that ny| > ny and H()c,,k+I +M) — (x, +M)Hq < zik Now, choose y; € x,, +M, then y; +M =x,, + M
and since || (xn, +M) — (y1 + M) |, = || (xn, +M) = (xa, + M), < 3, then there exist y, € x,, +M such that [y —yi || < 3.
Proceeding in this way, we have a sequence {y;} in X such that y; +M = x, +M and ||yr+1 —yi|| < zik Vk > 1. Let

k > r, then

v = yrll = 1k = yk—1) + k=1 —=Yk—2) + -+ Yrs1 =) ||

<Nk = Y= |+ k=1 =ye—2ll + -+ lyre1 = v

1 1 1

1
<F
Therefore {y;} is a Cauchy sequence in X. Since X is Banach space there is y € X such that klim llve —y|| = 0. Now,
[ Gy + M) = M) =[x +M) = G+ M) = ([0 =) + Ml < Iy =] — 0 as k — oo. Hence lim (x, +M) =
y+M e % Now, the Cauchy sequence {x, + M} has a convergent subsequence in % Hence lim (x, + M) =y+M € %

Thus % is Banach space
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EXERCISES FOR SECTION 1

In problems 1-5 prove that the given space is Banach space.

Lo lo={x={x}y,: sup |Xn| < oo, x, €F,Vn e N} with the norm ||{x,};_, ||, = sup|x,]|.
2. c={x={n}r: hm nx, €F, x,eF,Vne N} with the norm |[{x, }5*_||.. = sup |x,|.
ne
3. co={x={x}_,:limx, =0, x,€lF,VneN} withthe norm |[{x,}_,[|.. = sup |x,|.
e neN

4. Ly(la,b]) ={f:[a,b] — [F:afb|f|f’ < oo} with the norm |||, = ‘:/{b|f(x)|dx.
5. CY([0,1]) = {f:[0,1] = F: f' € C([0,1])} with the norm || f||., = sup |f(x)|+ sup |f (x)|.

x€[0,1] x€[0,1]
6. Let X be a normed space and M be a closed subspace of X. Suppose that M and 1){4 are Banach spaces. Prove that

X is a Banach space.
7. Consider the Banach space C([0, 1]) with the sup-norm and let M = {f € C([0,1]) : £(0) = 0} prove that M is

C(0.1]) ~
closed subspace and =~ = .
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